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ABSTRACT

An essentially self-contained treatment of the theory of low-
energy neutron scattering is given with emphasis on the extent +to which
symmetries and dynamics of the scattering system may influence neutron-
nuclear collision processes, The general problem is formuleted using
the "Born Approximation" and Fermi pseudo-potential, and calculations
are maede for two crystal models, The simpler Einstein crystal is found
to be adequate in qualitatively explaining the measured scattering cross
section, For problems sensitive to dynamical features of the scatterer,
& more reglistic crystal model is carefully derived, and the associated
problem of normal mode analysis, with both standing end traveling waves,
is discussed in detail. It is shown that the more elaborate model gives
results useful in the interpretation of the experimental studies of
lattice dynamics, particularly in the direct determination of dispersion
relations and frequency distributions. In obtaining the various cross
sections the concept of coherent scattering in contrast to that of in-
terference scattering is clearly illustratedj suiltable approximations
and meaningful limiting cases are obtained., Incoherence due to isotopic
mixture and nuclear spin is also discussed, It is shown that the results
of a semi-classical treatment are readily interpretable and should be
helpful in a general understanding of the interaction of low-energy

neutrons with solids,



ACKNOWLEDGEMENTS

We wish to thank the Industry Program of the
College of Engineering for assistance in preparing
the manuscript. One of us (S.Y.) is grateful to

the Phoenix Memorial Project for a fellowship.

ii



TABLE OF CONTIENTS

Page

ACKINOWLEDGEMEN TS . o v ettt ittt et s s teecnsonnioeeesosenacsnsasacsnssasns ii

LIST OF FIGURES . . cuueaeatonsronstoescsssssssassnsessssosconsssansnnns iv

I. INTRODUCTION. . ceuteveneosseneenseosncsoneneaannsansonennnsans 1

II. A SEMI-CLASSICAL APPROACH. .. et eiiieinieneoeronsnannsnnsenns 3
IIT. GENERAL FORMULATICN OF NEUTRON SCATTERING BY

MACROSCOPIC SYSTEMS . i ivr et iini it e cnttionsacoosoossonsnoanses 1k

IV, THE EINSTEIN CRYSTAL. . .uutt e raconeosnsesonsansannonnas 21

V. A DYNAMICAL MODEL FOR CRYSTALS....uvtieinee vrvrnnennnonnns 29

VI. NORMAL COORDINATES. .. vttt vt ittt esnnsoocassssonsoncassonnns 38

A, Standing WavesS..uue.eeee e ereeeeeassroonnnsssosesaannos 43

B. "Creation" and "Annihilation" Operators........cieeees. L4

VII. SCATTERING OF NEUTRONS BY A MONATOMIC CRYSTAL........cov... L8

A, One-Phonon Process and Crystal DynamicsS..........ceeuus 65

B. The Debye Model and Incoherent Approximation........... 71

VIII. NEUTRON-NUCILEAR SPIN INTERACTION. .....eoeeeeeocenernnanoans 17

APPENDTX A v v e e e e e e e e e e e e e e ee e e et ee e et et 8%

AP PEND X Butiteeeeeeooaannasosasonseesasasosocsasnsssnsssnonssans 85

REFERENCES . « 4 0 e e e e oveennneeeeesennnssnnossnssenaseeenenssonsoesns 87

iii



LIST OF FIGURES

Figure Page

1 Schematic Diagram of Neutron Scattering Experiment.... L
2 Coordinates for Neutron Scattering by Particle........ 7
3 Qualitative Behavior of Total Scattering Cross

SECEIOMe s s e e veteersnsssaseoasnseanssssossssassnsnsans 28
L Position Vectors in a Simple Cubic Lattice............ 31
5 Vector Relation in Reciprocal Lattice....eceeuunass eee 60
6 Vector Relations in Reciprocal Lattice for One-

Phonon Coherent Scattering by Aluminum.......e.00... .. 63

iv



I. INTRCDUCTION

In recent years considerable attention has been directed to-
wards the development of neutron diffraction as a solid-state physics
research tool. As with other techniques, such as ultrasonics, optical
measurements, electron- and nuclear-spin resonances, and Mossbauer ef-
fect, valuable information about the scattering system can be obtained
from a neutron diffraction experiment. For example, one of the most
significant studies made with neutrons thus far is the direct determina-
tion of dispersion relations and frequency distributions for the normal
modes of the crystal. The usefulness of these measurements, as is the
case in general, necessarily depends upon a suitable theoretical model
for interpretation.

Excellent fundamental(l) and review(g) papers on the theory
of slow-neutron scattering by crystals are available in the literature;
nevertheless, it seems to us that a discussion of some of the fundamental
aspects is lacking. Consequently we attempt to present in this paper an
essentially self-contained treatment of neutron interaction in an acous-~
tic field, the main purpose being to illustrate the extent to which the
scattering is influenced by symmetries and dynamics of the scattering sys-
tem. Tt will be seen that the present problem contains many of the gen-
eral features of interaction of radiation with matter. For example, it
provides a systematic comparison with the related problem of electron in-
teraction in an electromagnetic field., Therefore it may be possible that,
when viewed from the proper prospective, neutron diffraction studies can
be related to those using the other above-mentioned techniques. We also
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hope that the following work will enhance the usefulness of the existing
literature.

In Section II the differential scattering cross section is ob-
tained by considering, somewhat classically, the scattered neutron waves
from each scattering center in the crystal. Then after the general prob-
lem of neutron scattering by systems is formulated in Section III the
quantum results based on the Einstein crystal model are discussed in the
next section. A considerably more realistic dynamical model for crystals
is developed in Section V, followed by a section on normal coordinate
transformation in which the decomposition of particle coordinates in terms
of annihilation and creation operators is explicitly derived. A detailed
calculation of the various elastic and inelastic cross sections for a
monatomic crystal containing spinless particles is given in Section VII

where some limiting cases will be obtained. The final section contains

& discussion of spin effects.



IT. A SEMI-CLASSICAL APPROACH

A detailed analysis of neutron scattering by macroscopic systems
is necessarily quite complicated. It is therefore instructive to present
a preliminary discussion in which rigor and a certain amount of details
can be sacrificed for physical insight. In this section we will concern
ourselves with such an examination of low-energy neutron scattering by
crystals. The treatment is admittedly of an intuitive and semi-classical
nature; nevertheless, meaningful results can be obtained. Since the cal-

culation and results for a more elaborately formulated problem will be

discussed later, we will not dwell on details of interpretation beyond what
is sufficient for illustrative purposes.

In order to develop a theory of neutron scattering it is essen-
tial to first determine in what way are the calculations to be ultimately
correlated with measurements. Clearly, before we can begin with any theo-
retical consideration we should know what type of experiment must the theory
explain. Let us therefore consider the following idealized experiment. A
beam of monoenergetic neutrons impinges upon a scattering system; the in-
teraction between the neutrons and target results in some neutrons being
deflected from the original path with energies greater or less than that
before the collision. The scattered neutrons are detected by a counter
(see Figure 1). If the counter is energy-sensitive, then the scattered neu-
trons with a particular energy may be detected, and in this manner an energy
distribution can be obtained. To avoid unnecessary complications we will
assume that the target-detector separation is large compared to all linear

dimensions of the scattering system and that multiple collisions can be

ignored.

-3-
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Figure 1. Schematic Diagram of Neutron Scattering
Experiment.



It is obvious that a fundamental quantity which characterizes such

a measurement is the probability that an incident neutron with given initial
energy will be scattered into a given direction. That is to say, we can de-
scribe the scattering experiment in terms of a differential cross section
0dQl, defined as the number of neutrons per second scattered into an element
of solid angle dQ about direction % divided by the product of number of
incident neutrons per cm? per second and total number of scatterers. By this
definition o0df? depends upon the initial neutron energy and the angle of
scattering. Later we will want to describe measurements using energy-sensitive
detectors and will then introduce the differential cross section which also depends
upon final neutron energy.

Since the radiation to be scattered and measured consists of a beam
of neutrons, then what we wish to calculate is the scattered current, given
by the scattered beam intensity multiplied by the group velocity of the travel-
ing waves. If we represent the incident and scattered beams as traveling

waves Wi and V¥ we obtain

2 .12 A
S L 02

N ¥ 2 K

odf (11.1)

b

where ki and ks are incident and scattered wave vectors and N 1is the
number of scétterers. It is seen that given an incident wave the problem is
to determine the scattered wave and to exhibit its dependence upon the ge-
ometric and dynamical features of the scattering system.

Consider a system of particles (nuclei) in which the position of

the £-th particle is specified by ﬁg. Let the incident neutrons be repre-
(ki -g-oit)

sented by a plane wave Ae with amplitude A, propagation vector



ki and circular frequency ;. For convenience we will put the origin of

AL

our coordinates at one of the particles so that the incident wave at this
particle is Jjust Ae'iwit (see Figure 2).' The incident wave at the g-th
particle is then Aei(§@'5j—wit). It is known that neutron-nuclear scatter-
ing is essentially a hard-sphere interaction, and this implies that at the
surface of the nucleus the incident and scattered waves are the same. 1In
other words, the phase shift as a result of the collision is very small.
Thus the wave scattered from the f-th particle, which can be expressed as

a spherically outgoing wave in the asymptotic region (Rz/r < 1), is

\j{z _ ELA ei(kfrz + §1.§2 - (Dlt)

e
a A + . -
y . 8h tlker + Ry - 0pt) (11.2)
r
where K = &i'- kf% and r,, %to a good approximation, is r - %'ﬁz- The

strength of the interaction is given by -ay, the scattering amplitude at

r =1 cm if amplitude of the incident wave is unity.+ We note that in the

usual quantum interpretation the magnitude of scattered neutron momentum
kr 1is related to the energy Wp , which is not necessarily equal to w3
since 5£ may contain additional time dependence. Only if the particle is
stationary is wr = w; and ks = k;, and the scattering is said to be

elastic.

* It should be noted that we have assigned a scattering length to a given
nucleus, and in so doing have avolded all questions concerning details
of the nuclear forces. The situation Is"very much like the scattering
of water waves by vertical posts made of different materials. The scatter-
ing amplitudes of the various posts will be different, and in principle
can be calculated if the necessary theory were available. In the absence
of such a theory the alternative solution will be to measure the different
scattering amplitudes. Our attitude follows essentially the latter point of
view: that 1s to say, we shall characterize the ability of a nucleus in
scattering neutrons by the scattering length a, an experimentally deter-
mined gquantity. The negative sign is chosen to agree with convention.
Interested reader may see J. M. Blatt and V. Weisskopf, Theoretical Nuclear

Physics, Wiley (1952).
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Figure 2. Coordinates for Neutron Scattering by
Particles.



The total scattered wave is a superposition of waves scattered
by all particles,

ot N .
y = - A -iogt %agel(kfrﬁ *aRe) (11.3)
r

where ke 1is understood to depend upon the time dependence of Ry For

the moment we consider all the particles to be held fixed. In the absence

of particle motion the factor eikfr = eikir can be taken outside the sum-

mation, and the differential cross section is found to be

1 al 2
ik-R
W@ = [ | L apetiis]s,
y
It will be shown that for crystals the summation of the variocus phase factors

leads to the well-known Bragg condition for interference scattering, a result
of superposing waves scattered from ordered arrays of crystal planes. Of
course, in the evaluation,terms for which £ = £' constitute the contribu-
tion to direct scattering, a result of single particle effects. In the

special case of only one scatterer present, the total cross section becomes
o= [ 0dQ = 4na® ,

where a is often referred to as the bound-atom scattering length, and
scattering is seen to be isotropic.

In order to study the dependence of cross section upon dynamics
of the scattering system we consider a hypothetical simple cubic, monatomic
crystal containing N nuclei with zero spin, each executing independent
oscillations about its equilibrium position (lattice site). The instan-
taneous position of the 4-th particle becomes @z(t) = x5 + uy(t), where

Xy 1s the equilibrium position and gz(t) the instantaneous displacement



from X4
&ﬁ(t) = A cos(wt-Ay) . (1T .4)

In this simple description all particles have the same amplitude A and
fundamental vibrational frequency . The fact that the oscillations of
any two particles are not coupled is expressed by the presence of an arbi-
trary phase Ay. Using this time dependence we find that the scattered

wave may be written as

-loyt §
+

\I/ = - —-e— Z a‘eei(kfr v'&e&'e)

r £

0o

1 _ ln(wt=A,.\\ _in(w‘_L\‘_n\s
() B Palafel @), talneady
n=

since

o0
olxcosy _ Jo(x) +2 T 1805 (x)cos (ny) ,
n=1

which is readily obtained from the generating function of Bessel function

of first kind. The leading term in the sum contains no time dependence and
is seen to be the elastic part of the scattered wave while the remaining
terms correspond to scattering with energy transfei (inelastic), the energy
exchange for the n-th term being wp-f = + nw. In computing the differ-
ential cross section we can ignore the cross terms. This is because in any
physical measurement the intensity is actually integrated over an interval
of time which is very large compared to time of flight or interaction time,
hence all cross terms vanish. The cross section therefore becomes a sum

of partial cross sections, each corresponds to a specific amount of energy

transfer,

18
1

odl = o 4a ,

0]

jo]
1
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where upper and lower signs denote the increase or decrease of neutron
energy by an amount nt\w. The discrete and uniform nature of the in-
elastic scattering is expected since in quantum theory an oscillator may
undergo changes only in multiples of its level spacing &iw. The partial
cross sections cannot be measured unless the measurement is performed with
an energy-sensitive counter so that scattered neutrons with different
energies may be differentiated. In order to exhibit the energy exchange
in a scattering process more explicitly let us define a differental cross
section 0d9dEf, which depends upon final neutron energy, as
odQ = [ od0dEs ,
Er
with
+n

o
0d4E, = ZO " 8(Ef - By T nfi w)d0dEs
n=

where 8(x) 1is the Dirac delta. It is to be understood that the interval
of energy integration depends upon the detection system; If the finite reso-
lution of the instrument is less than the level spacing then oindQ can be
obtained for any given n. On the other hand, if the counter is not energy-
sensitive then only 0df), which contains elastic as well as all the inelastic
contributions, will be measured. For our purposes, it will be sufficient

to confine our attention to two lowest-order processes,

©d0aE, = % 8(Ep-E; )32 (5-A) | %azelﬁ'v’iﬂiedoﬁf ,
+1 1 ) 1 2
o= dQdEr = 8(Ep-E; ¥ Yw)J1(x-4) ‘% ad0dEs .

We note that interference effects do not contribute to first-order inelastic

scattering, a result equally valid for n > 1. This is a consequence of
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averaging over all arbitrary phases A% and the lack of interference is
expected since there is no correlation among the various vibrations. The
effects of such correlation are seen in the following discussion.

We next introduce additional complexity into our analysis by treat-
ing the particle oscillations in terms of traveling waves. It will be shown
later that under certain reasonable assumptions regarding the inter-particle

potential one can write in general
ap() = T Aycos{ly x4 ort} | (11.5)
}\ YA N aa) Y

where Jﬁ is the propagation vector and sumation over A 1is actually a
the N allowed values of k and another the
three values of w for each given k. As before we obtained the elastic

differential cross section as

ik 2 2
0°ddE, = % 8(Ep-Ey ) |§ a g EL| LEACTELLE

We note that Jo(ﬁfﬁk) should be averaged over a thermal distribution of

A-th oscillation mode.<3) This is because if we regard A, as the ampli-
22

tude of the A-th oscillator whose energy is % A,Wn then there exists a

distribution of A, given by

P(Ay)dAy = P(Ey)dEy

22
-y /2koT

22 o
- o-AN0N/2koT (f e
o}

AydA,) 'lA)\dA)\ s

where k, is Boltzmann constant and T the temperature of the system.

Hence
[o 0]

Of Jo (k82 )P(A))dAy

<Jo(k-Ar)>

22N

N2, 2
-koT (k- A )/ 2wy
= e ’
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which can be readily obtained by using the series representation of Jg
and integrating term by term. It is interesting to observe that this
factor strongly attenuates the scattering at high temperature and large
momentum transfer and is unity at T = 0. Since the average energy of
the oscillator is IkOT by equipartition then we may replace the exponent

2

h 2 2
by -(ﬁgﬁk) <A}>/h, where <A,> 1is average of the amplitude squared.

The elastic cross section now becomes

where W = % % (K-AX)E<A§> . The factor e °" is known as the Debye-

, originally derived in X-ray diffraction to account for
temperature effects. We will obtain the quantum analogues of this factor
in a later calculation.

Unfortunately the inelastic cross sections are not as readily
obtained. Since the complete problem will be discussed in the quantum
treatment we can best avoid excessive manipulation by considering a special
case. Suppose we are only interested in the scattering produced by a par-
ticular mode of oscillation, say the A-th mode, then we may effectively
regard all the other terms in (5) to be small by comparison and immediately

obtain
+1 1 - -2W 2 o
dy ANdEp = ;o 5(Ep-E; *Hwy)e (r-a) <A®>

. )
(x) l% azel<&5§x) §ﬁ| dQdEe ,

where we have used the small argument representation,

n

Tn(x) 2~ 2-(3)
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It is noted that inelastic interference effects are present due to (5)

in which all oscillations are dynamically coupled. Also one sees that

the cross section varies as the square of momentum transfer and inversely
as the square of vibrational frequency. Finally we nowe  that the above
results are independent of whether energy is gained or lost, which, as we
will see, is a direct consequence of classical analysis.

Thus far we have attempted to show that certain qualitative as-
pects of neutron scattering can be illuminated by a simplified semi-classical
approach. The treatment is admittedly not rigorous nor are the cases ex-
amined the most realistic and sophisticated models one can construct, never-
ults pertinent to the understanding of the

physics involved and provide a systematic comparison with the rigorous

quantum mechanical calculation given in the later sectlomns.




III. GENERAL FORMULATION OF NEUTRON
SCATTERING BY MACROSCOPIC SYSTEMS
We will now derive the quantum formalism which will be used in
subsequent calculations to predict results that can be correlated with
information obtained from neutron-diffraction experiments. In the descrip-
tion of the collision process it is not necessary to specify the physical
state of the scatterer so that the formulation is equally valid whether the
scattering system is in gaseous, liquid, or solid state; later applications
will, of course, be restricted to neutron interactions with crystal lattices.

It will be seen that the present analysis does not include neutron-nuclear

spin interaction. The e
cussed separately in a later section.
Consider again the idealized experiment of Section II where
Jek

NJ; &

gd = r2dq .

In quantum theory it is well known that the particle current is given by

ik +)

+
&= og W)V - V(W)

where ¥ 1is the particle wave function. In order to obtain the neutron
wave function we characterize the scattering process by the stationary

Schfédinger equation

HY = &Y, (I11.1)
where & is the total energy of the system, scatterer plus neutron, whose

wave function is denoted as ¥. The appropriate Hamiltonian is

H=p2/2m + Hg +V ,

~1h-
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where g?/Em is the kinetic energy of the neutron, Hg the Hamiltonian
of the scattering system, and V the neutron-nuclear interaction poten-
tial. It is expected that given a system whose Hamiltonian is Hy, there
exists a complete, orthonormal set of functions {@n} which satisfy

H.Oo. = €. 0

_ n where €, 1is the eigenvalue corresponding to the n-th

n ?
eigenstate. Then we can write

¥rR) =2 Wmmn®

where r represents neutron position and §\= {@1,52,...,5 represents
the set of 3N coordinates of a system containing N particles. wh(ﬁ)

nds to the n-th state of

is seen to be that neutron state which

0
[o}
o]
H
0]
[
L]
o]

the scattering system.
Inserting the above expansion into (l), we obtain
p2
Bp Vn * %. <n]V|n'>qV= (& - en)iy.
where

<n|V|n'> = [ ager(R)Ve, (R) .

New,

Writing the linear momentum operators p as /5 Yo,
oy 1 '
2 2 2
(V7 + k), = sz§'<n|v|n'> Voo s (111.2)
where
2 2m o
Ky =T‘(3En » Bp=C - &y

Equation (2) represents a system of integro-differential equations and

is best treated in the form of integral equations through the use of
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Green's function. If we observe that

(F + ¥a)Calr,n') = -8(x,")

(¥ +x5)%(x) =0, (111.3)
then because (2) is a linear equation,

(@) = @) - B S are @ )m|Vinsg ).

31

Physically, if there were no interaction between the neutron and scatterer
then we would expect the wave function to be just the product of the in-

cident neutron and initial system wave functions. Hence,
iki.r
e} _ St 8
Va(x) =8, e

where ng is the initial state of the scattering system. The first equa-

tion in (3) can be solved(10) to give

RVSERVIRY

ik lr-r'l
Gn(I“,I'v') = £ .
‘ hn[;-r'l

Since in the region where the neutrons are counted %, >> 1, terms of
order r-=2 and higher can be ignored. Then

iknr -ikpn.r!
etint ~in

Gn‘(\g’\{\') ¥ ’
bor
and
. ik.T .
: iki.r 5 -ikp-r’'
In(r) = 8 e SRR M_E{(Eze Z, Jarte 77 C<alVinsy (). (TIII.W)
n‘{,\ r n wn

According to the "First Born Approximation", the solution to (4) is ob-

. |
tained by setting Wn'(g') = Sn'noeiki~£\; in other words we iterate once
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to get

iki.r eiknr

Valr) = Bnng® o fnno(g)

(111.5)

r

The first term in (5) is the unscattered incident beam and the second term
can be interpreted as the scattered spherically outgoing wave whose ampli-
tude is

1(kg-kn) 1
(1-kn) z <n|V|ng>. (II1.6)

fon.(Q) = - £ [ dr'e
nng ‘w 21[1,,\2 o

Now the differential scattering cross section for the correspond-
ing neutron initial and final moments &i and kp, and system initial

and final states n, and n Dbecomes

K
o, A0 = —— |f

2
nond? = T | an . (111.7)
e}

nmn,

The cross section is written for specific initial and final states. Usually
the final state of the scattering system is not observed so we will sum

over all possible final states,

an kp 2
W =— 2P, =t .|, (111.8)
N non Ho k4 '"Mo

where Pno is the probability that the scatterer is initlally in state
n,. Shduld the initial state be prepared P, Dbecomes a kronecker delta.
o]
It is obvious that the statement of energy conservation for the

problem under consideration is
E, + €, = E4 + €ng 2

P
where E = giE) and € are the energies of neutron and scatterer respec-

2mo

tively. This condition can be explicitly incorporated into the cross
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section by defining as before

] 0dQdEe = oaq ,
Ef

and noting that

_1 T it/
3(x) 21d -i ate

the latter being merely an integral representation of the Dirac delta-

function. Now we obtain as an expression for the energy- and angle-

dependent differential scattering cross section

-it
ke ——(Er-E1)

\-\
(l(]SZdE = AQ4E,, ———— t

'it(
(x) Zpye €n-€n0{
nno 0o

2
nno ‘ >

where on account of the delta function kn, En can be written as kf, Ef;
this is to avoid confusion and to indicate that the scattered neutron
energy is an observed quantity. The above manipulation conveniently re-
moves the factor kn/ki from the summand.

It is noted that the amplitude of the scattered wave contains
the neutron-nuclear interaction potential V. For sufficiently slow neu-
trons such that the wavelength is large compared to the range of nuclear
forces (Ef,ev) a neutron-nuclear collision can be characterized quite
accurately as a "localized impact" for which the interaction potential is
the "Fermi pseudo-potential",

2 N

_ 24}
Ven = mg % a d(r-Ry) , (I11.10)

where ay 1is the scattering length of the £-th particle. The particular
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form of the potential is so chosen that the use of "First Born Approximation"
will give the correct total scattering cross section for a free atom,

c = hﬁa? , where ap is the experimentally determined free-atom scatter-
ing length. The relation between ar and the scattering length a wused

in (lO) is seen from the following argument. In an analysis of two-particle

collision it is natural to use the relative coordinates in which the mass

m M
factor appears as a reduced mass pu = o i Then we choose the potential
m_+
o]
as
2
2nﬁ
sn T T 2r8(r-R)

in order to make the scattering amplitude independent of mass. Now if the
system contains more than one scatterer there is no advantage in defining

a center of mass and in this case we can write

\2
an\ ard(r-R)

V= mo WA AN

mMo+M
with the bound-atom scattering length defined as a = ﬁ—gm—l ap. With this

choice of V the scattered amplitude takes the form

1r-Re |

fnno = - §'<nla£e ny o,

where Kk = kj-ke. The summation over n in (9) bpecomes

1 o) +
Z eT( en-eno) !fnno‘ = Z azaz <no lA'zl (t)Azlno>

n 24"
where
b T =Tt i%st -igst
pe) - eiIi\st Aze-ll"{st _ e-ltt,'(e T Rge T ) ] e-i'&'fiz(ﬂ,

the time-independent and time-dependent dynamical variables being designated
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Rz and Rz(t) resPectively.(u> The time-depéndent operator ﬁz(t)

satisfies the Heisenberg equation of motion

i Eﬁ&iil = [Ry(t), Hgl
at

Equation (9) finally becomes

_ f -ipt
0dQdp = dQdp 2ﬂNkfﬁf dte
3
(x) no%z'Pngzaz;<no]AE'(t)AzInd> , (I11.11)
where p = (Ef—Ei)/“ . This then is a convenient expression of differential

scattering cross section for subsequent calculations. It is quite general
since the macroscopic system has not been specified and should be valid as
long as the incident neutron is in the energy range for which nuclear scatter-
ing is isotropic in the center of mass coordinate system and independent of

neutron energy.




IV, THE EINSTEIN CRYSTAL

In this section we wish to illustrate some general aspects of
neutron scattering by crystals without applying the quantum formalism to
a complicated model and thus getting involved in a great deal of calcu-
lations. It will be sufficient for our purpose to limit our considera-
tions to a simple description of particle interactions -- the Einstein
crystal. PFor although this model is a severe idealization of an actual
crystal, nevertheless, as we will presently see, it is capable of giving
most of the essential features of neutron scattering which can be obtained
by an analysis based upon a considerably more realistic model. We will
not give any details of the calculation leading to the scattering cross
section since it is completely analogous to that for the more general
crystal model to be discussed in Section VII. Instead we will examine
the result and obtain some limiting cases which are essential to the under-

standing of the scattering process.

For the Einstein crystal it is assumed that each particle (nucleus)

sees the same surroundings and therefore executes independent, isotropic
oscillations about an equilibrium position, its lattice site. In this
manner it is reasonable to assume that all the fundamental vibrational fre-
quencies are identical. We note that in the case of polyatomic crystal
where mass differences among the different particles are large it is possi-
ble that the vibrational motion of the light atoms can be adequately de-
scribed by the above model. Such an example could be the hydrogen atoms
in zirconium hydride.

Since the quantity of interest is the energy- and angle-dependent

differential cross section we see from the previous section that the

-21-
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calculation involves first obtaining the matrix elements <n]A},(t)A£In>
which in turn requires a determination of the eigenstates In>. Accord-
ingly we consider a monatomic crystal containing N particles which are
labelled by subscript £. In view of the adopted dynamical model, the
Hamiltonian for the system 1s that of 3N independent harmonic oscilla-

tors, i.e.,

N 3 2
=1 P 2
B = 5 z§1 OE (2 + M»Quza] , (Iv.1)

where Pza = — and subscript <« denotes the Qa-th component
1 Bu 20
of a vector. As before, ¥y 1s the instantanecous displacement of the

£-th particle from its equilibrium position Xg s i.e., BRg=2xp+uy.
Having specified the scattering system we can proceed to obtain the cross
section using equation (III.11). The differential scattering cross section

per unit solid angle and unit neutron final energy is

2
-Dr 2 2
o = 8(p)e {aiIo(PK ) - a2}
2 -Dk2 15 1%
+ 8(plage - ﬁlz e l (IV.2)
ke p D T I, (Pe2) (e (psmn) + e o )1}
+ Ky aje {n=l In Pk e p+nw e p-nw B

_do

T 2koT

where D = m coth(v), P = T csch(v), v

and kg 1is the Boltzmann constant. Other quantities appearing in this
equation will be defined in the following discussion.
In Equation (2) we note that the delta functions represent con-

ditions of energy conservation. The two terms proportional to 5(p) give
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the elastic contribution while terms containing &(p+nw) constitute

the inelastic portion of the cross section, upper and lower signs corre-
sponding respectively to neutron loss and gain of energy by an amount

n&un. The uniform and discrete nature of the energy transfer is expected
since an oscillator can undergo energy exchange only in multiples of its
level spacing. We observe that the cross section contains all the in-
elastic processes for which energy conservation can be satisfied, and

that at any finite temperature neutron energy loss 1is more probable than
peutron energy gain.* The two processes become comparsble when Kk T >> nh w

vhich is the semi-classical result of Section II. It is interesting to

note that neutrons cannot gain any energy from the crystal at T = 0 be-
. ~nv _
cause  e” B , which can be interpreted as a measure of the probabllity of

fihding the oscillator in the n-th eigenstate, vanishes. For large vib-
rational frequency we may use the small argument representation of the modi-

fied Bessel function
x1

80 that in the limit as ® becomes infinite all inelastic terms vanish.
Physically this corresponds to the situation in which all particles are
rigidly fixed at the lattice sites so the crystal cannot possibly inter-
change energy with the neutron. Elastié scattering, however, is still
allowed.

The elastic contributions to the cross section are exhibited

in two separate terms. The second term contains the interference factor

+ Of course, the neitron moy loce energy to the crystal lattice only if its
energy is greater than the oscillator level spacing.
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It is seen that lattice symmetries affect only the interference part of
the scattering and that interference effects are purely elastic processes.
That the latter is a direct conseguence of a crystal model which assumes
uncorrelated particle motion has already been mentioned in Section II.
The more realistic model which we will describe in the next section is
one in which all particle motions are correlated, and for that case it
will be seen, as in Section II,that inelastic interference scattering is
indeed permissible.

The attentuating exponential factor e'DKz is the quantum ana-
logre of the Deoye=Waller fa:ior. At high temperature or small v it is
seen that all processes are appreclably attentuated; the effect does not
vanish entirely at T = 0, apparently due to the oscillator zero point
energy. On the other hand, for sufficiently small v Pk will be such
that we may use the asymptotic form of the modified Bessel function,
In(x) Y (2nx)- 1/2 eX, the exponential part of which cancels the Debye-

Waller factor. Obviously the same situation holds for the case of large

2

K< instead of large T, for this reason we see that in the region of

high momentum transfer interference effects will be negligible.

We next consider the scattering lengths aj] and a2 which
appear in Equation (2). The necessity for the distinction arises from
the fact that the scattering system may contain a mixture of isotopes for
which the scattering lengths differ or the interaction potential may be
spin-dependent.+ For the present it suffices to mention that a] and ap are

the appropriately averaged scattering lengths for those terms with £ = 2!

+ Isotopic mixture is discussed in Section VII while spin dependence is
treated in Section VIII.




-25-

and £ % £' respectively [see Equation (III.ll)], and in this sense terms
in (2) containing ai and ag may be identified as direct and interfer-
ence scattering. With this interpretation we observe that the two pro-
cesses are influenced by independent aspects of the scattering system,

the former being only sensitive to lattice dynamics whereas the latter is
governed by lattice symmetries. In the presence of isotopic mixture and

spin-dependent interaction the scattering lengths are

ai = < I+l a2 > + < 1 a2 >
21+1 t 2I+1 -
2
a2 = I+l a, + 1 a
2 2I+1 t O 2T+l -

where I 1is the spin of the nucleus and < > denotes isotopic average.
Scattering lengths a, and a_ , defined in Section VII, are those for

which neutron spin is respectively parallel and antiparallel to nuclear

spin. When spin effects are absent, I — O and we have ai = <a2> and
a2 = <a>2, where a 1s the ordinary scattering length introduced in

2

Equation (III.10). Furthermore, if the scattering system is monoisotopic
then ai = ag = a2

We are now in a position to examine the qualitative behavior
of the scattering cross section. Since among a large number of the ex-
perimental results the measured quantity is independent of scattering
angle and neutron final energy,it is only necessary to discuss the depend-
ence upon neutron initial energy of the total cross section, which is ob-
tained by integrating (2) over all final energies and directiohs of scat-

tering. We note that the scattering samples used in these experiments are

polycrystalline so that the interference term, which depends upon crystal
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orientation, should be averaged over all crystal orientations. However,
this aspect is not important for the discussion in this section and will

be treated in Section VII. Let us therefore consider the scattéring

cross section for a given incident neutron energy which can be measured,
say, by a transmission experiment in which we will neglect spin and isotope
effects.

For very low-energy neutrons (Ei S‘.OOl ev) it is seen that the
model predicts no elastic processes, This is because Io(x) is essentially
unity which enables the cancellztion of direct scattering,and the neutron
wavelength is sufficiently long that the Bragg interference condition can-
not be satisfied at any scattering angle. Also, in this region neutrons
cannot lose energy; the only permissible inelastic process, therefore, is
that in which neutrons gain energy and one can readily show that the cross
section varies as E; 1/2 and increases with temperature. As the inci-
dent neutron energy is raised elastic processes begin to contribute; a
significant increase occurs when the Bragg condition which allows the long-
est wavelength is Just satisfied. At higher incident energies the inter-
ference term begins to be attentuated by the Debye-Waller factor. While
the cross section will continue to exhibit sharp jumps as additional sets
of crystal planes give rise to interference scattering the overall oscil-

ev) we can,

latory behavior is damped. For the high-energy neutrons (EiZ}

therefore, expect no contribution from interference scattering; moreover,
in this region one can neglect lattice binding and thermal effects and
treat the scatterer as a free particle. The dominant inelastic process
here is that in which neutrons loose energy since neutron energy gain be-

comes negligible because of the factor e™V with v large. We obtain
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the limiting result for high energies , 0= Mna? . The above remarks
are illustrated in Figure 3 which is in general agreement with observa-
tions for such scatterers as graphite, beryllium, aﬁd lead.(5> Finally
we mention that beryllium, on account of its sharp Bragg cutoff and a
low-energy cross section, which can be made even smaller upon cooling
the material, has been used as a filler in experiments requiring very low-
energy neutrons.(6)

We have just shown that the Binstein crystal can be used to
understand certain general aspects of neutron scattering and to explain
the behavior of the total scattering cross pection. It is clear, however,

P S . - =an 4
v

that this simplified model cannot be adequate in predicting resul

o
=
-
[
[N
O
"
-

are sensitive to dynamical details of the scattering system. With the
recent development of slqw-neutron experiments as an irportant research
tool in solid-state physics it is known that scattering measurements can

be analyzed to yield valuable infqrmation on atomic motions and inter-
particle fqrces. Obviqusly, in order to do this there must exist a dynami-
cal model for the crystal which treats particles dynamics to a sufficiently
high degree of complexity and which still remains analytically tractable.

The formulation of such a model will be considered next.
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V. A DYNAMICAL MODEL FOR CRYSTALS

As we have seen, the description of neutron interaction with atoms
or molecules bound in a crystal depends to a large extent upon the energy
of the neutron relative to that of the atoms in the lattice. For high-
energy neutrons the lattice binding effect can be safely neglected in
treating the collision process. The interval of time in which the neutron
actually interacts with an atom will be small so that the atom can be ef-
fectively considered as being free, and if the wavelength of the neutron
ig sufficiently short the interference effects of the scattering from neigh-
boring atoms will not be significant. It is then to be expected that any
analysis in this region will not be sensitive to details of the scattering
system and is of little interest in our discussion. On the other hand,
when the neutron energy is in the region of .1 ev or less, the associated
de Broglie wavelength is comparable to the interatomic distance for the
lattice. Not only do the scattering atoms have to be treated collectively
but their thermal motions and the effect of lattice binding will also
have appreciable influence on the nature of the scattering. For this rea-
son most scattering experiments are performed with very low-energy neutrons
in order to study dynamical details and inter-atomic forces in crystals.

In this section we will develop an appropriate model which will enable us
to analyze these measurements. It will be more instructive to proceed classi-
cally, and later quantum analogues can be obtained for those results which
are relevant to cross section calculations.
Consider a general crystal structure in which the £-th lattice

cell is located by a position vector x,, whose components form a set of

-29-
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three integers o1 appropriate to the lattice basic vectors aj, 1 = 1,2,3.
Let the n particles in each lattice cell be labeled s, s = 1,2,...,n.
As shown in Figure 4, the instantaneous position of the s-th particle in

the f-th cell is R°®, which can be written as

i’
S _ S s
Re =3 % Yy
=X, x° + Hi ’ (v.1)

where luj is the instantaneous displacement from the equilibrium position

xz . x° is the equilibrium position vector of the s-th particle measured
in the cell and is therefore independent of 4. For this particle the

equations of motion are

2
M d (us _ U (V.2)

—— = ’

2 ‘T T3S
at auza

where we use Greek subscript & to denote a component of a vector and U
represents the interparticle potential. Here M° is the mass of the s-th
particle. In the absence of detailed knowledge of U, the approximation
conventionally employed is that proposed by Born and Oppenheimer.(7’8)
For our purpose we shall adopt this approximation to obtain a realistic
model for the crystal which still describes the particle motions as har-
monic vibrations about their respective equilibrium positions. Compared
to the Einstein crystal the nature of the motions is the same, but, as we
will see, the additional complexity introduced lies in the fact that a
large number of oscillation modes, which will no longer be uncorrelated,
are allowed.

The Born-Oppenheimer method, when applied to the crystal, essen-

tially consists of separating the Schrodinger equation for the system into
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two parts, one describing the electronic motion and the other the nuclear
motion. It can be shown' that the effective potential between nuclei is
actually the eigenvalue of the electronic problem and in the harmonic ap-

proximation can be written as

1 1
U = % 5 Uss s ]

v serat Yot oprar (v.3)

where the summation extends over all cells, particles and components, and

yss' - 32U ]
srroat  aus s g ’
where subscript o means that the second-order derivative is to be evaluated

++
at the equilibrium positions. Differentiating (3), we get

AU _ ss' s' 4
dus ) zlg'a' Uﬁﬂ'Oa' Yo (vV.4)
jfo]

The equations of motion now become

2.8
dcu 1 t
Qo ss s
M8 th —-ﬁ's'a' U££|w| u‘zta{ P) (V5)
where Uii:aa' can be interpreted as the «-th component of the force on

particle (4,s) due to a unit displacement of particle (44s') in the a'-
direction. On account of lattice periodicity, this force is a function

only of vector displacement and therefore can only depend upon the relative

* Readers not familiar with this particular aspect will find a thorough
discussion in Reference 8, Chap. V.

++The same result is obtained if BU/buza is simply expanded in a Taylor

series in which only the first two terms are retained and noting that
the first term represents the a-th component force on the particle
(z,s) in its equilibrium position and therefore vanishes.
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cell index £-4',

Uss' - 58’ . V.6
L2100t Uz-z'aa' ( )

Equation (5) represents a system of simultaneous, linear differ-
ential equations and the set is infinite unless the cell indices are re-
stricted. Since we are interested in actual macroscopic crystals the number
of cells, no matter how large, will always be finite.¥ If such a crystal
were to contain more and more particles then the system approaches a continuum
in the 1limit and the solution to the equation of motion should have the form
of a solution to the wave equation, a traveling wave with infinite number of
degrees of freedom. On the other hand, so long as the system remains dis-
crete, the solution must contain the same number of degrees of freedom as the

physical system. Accordingly, we seek a solution of the form

B (t) = (MS)-J/E ggei(E:n:k-x‘se-(bt> . (v.7)

The usual oscillatory time dependence is chosen; the dependence of the cir-
cular frequency ® and its allowed values have yet to be determined. The
appearance of the factor exp(2n1k°xi) is perhaps not obvious. While this
is closely analogous with the wave solution for an elastic continum there
exists a somewhat subtle connection with the periodic property of the crystal
lattice and a specific boundary condition. For fixed s and & the dis-

placement is a periodic function of the cell location Xx,. Moreover, if the

propagation vector k, unspecified as yet, is appropriately restricted, it

is seen that the motions of particles occupying equivalent positions in cells

* The use of (5) to describe a finite crystal implicitly assumes that sur-
face effects are negligible. This is because (3) was derived for an
infinite medium.
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certain distance apart are described by the same solution. Therefore the
range of 'ﬁl can be so defined that the solution satisfies the boundary con-
dition requiring particles on opposing surfaces of the crystal to move in
unison. This boundary condition, which is actually expressed through the
condition on \&, does not prevent the description of the particle motions
within the crystal by a superposition of a finite number of traveling waves
as given by (7).% At the same time, the solution is seen to exhibit the
proper number of vibration modes. These remarks will be made more explicit
after we discuss the determinations of frequency ® and coefficients gg .

Inserting solution (7) into the equations of motion we obtain

2 s ss' s!
w ga = s;aicl,&w' gav I <V'8)
where
- e (xS_xS!
Cssl _e antk (5\ ) Uss' e-2ni§-§ (V.88)

Observe that without property (6), Cig&. would not be independent of the
cell index. Equation (8) now represents 3n linear homogeneous equations

in the 3 n unknowns g5 since s =1,2,...,n and a =1,2,3. For a
(@)

ss'!
ko'

WA

sidered as single indices. Of course, (8) will have non-trivial solutions

given k, C is a 3nx 3 n matrix if (s,a) and (s',a') are con-

only if the secular determinant vanishes, i.e.,

* The restricted motion of the surface particles is of no consequence since
we have consistently neglected surface effects. One should be aware that
these implications result directly from the form of solution chosen and
the related boundary condition which, together with the interparticle po-
tential, represent the crystal model we have adopted. Solution (7) with
boundary condition, at best, describes only approximately the dynamical
behavior of particles in an actual crystal.
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ICSS' - oF8 =0. (v.9)

}s\wl Oal 6ssl I

This is a 3 n - degree equation in u@, and 1f the solutions are restricted

to have only positive frequencies then both \E\ and -k are admissible.

Once the frequencies are known, they may be used in Eguation (8) to obtain

the coefficients gg . According to (7) for a given \E\ there exists a

real progressive wave corresponding to each of the 3 n frequencies. However,
not just any value of %; will lead to unique solutions. That this is a
direct consequence of the assumed lattice periodicity property is seen in

the following argument.

The solution (7) depends upon cell index £ only through the phase
factor exp(2ni§-§z). We can define a set of reciprocal basic vectors “3
related to the lattice basic vectors &1 by
; a: Xa
bl = —\s}—k , i,j,k 1in cyelic order, (V.10)
A a
such that
i =
bieag =8y, (v.11)
with v, = !algq2x§5! . The superscript serves to indicate that R} may

be regarded as a set of contravariant vectors while a4 will be the corre-
sponding covariant set. Using theée reciprocal basic vectors we define a

reciprocal lattice in which a lattice vector is
ol (v.12)

where y; are integers. According to (12), the scalar product between a

reciprocal lattice vector Y and a lattice vector x, 1is always an integer



-36-

equal to 2. yizi. Consequently the phase factor is unchanged if the propa-
i

gation vector E3 which when expressed in reciprocal lattice is not nec-
essarily a reciprocal lattice vector, were changed by an amount equal to
any reciprocal lattice vector ,XC Furthermore, given a reciprocal lattice
cell, a reciprocal lattice vector can always be chosen to connect any point
outside the cell to a point inside. This implies that corresponding to
every value of k within the reciprocal lattice cell there exists a unique
phase (and therefore unique solution) and corresponding to any value of
:E outside the cell there exists no additional phase which is distinct.
Hence, all the unigue solutions are retained if k 1is restricted to a
reciprocal lattice cell.

The foregoing consideration of uniqueness of the solutions leads
to a restriction of %. However, this does not completely specify k
since there exist a countably infinite number of K\ values within the re-
ciprocal lattice cell. This situation is to be expected since the physi-
cal boundary of the crystal has not yet been specified. Let us consider
a2 crystal which contains Ni number of cells along the lattice basic vec-
tor gaj. For this case the solution to the equation of motion is that
given by (7) where = 1,2,...,Nij-1. The boundary condition that par-

ticles on opposing surfaces of the crystal move in identical manner re=-

quirest uwS, =uS ., with x, - x, =2 esN:a:, es =0,1. This implies
p/o4 Lo S8 T Nl T 2 SifiT1 i
i
that
2'}:(s s) 2'% kiN
ike(x, - ni eikiNias
o LKL T Ru/ e goy SiiNieL , (V.13)

or kjNjay = integer, where ki are components of k along the unit

* This boundary condition is known as the Born-Von Karman boundary condi-
tion originally proposed by Born and independently by Von Karman.




-37-

vectors ai/ai . It will be more convenient to express K in terms of
reciprocal basic vectors, i.e., k = &ﬂﬂ) = nipf. We observe that n;
are not integers unless ,ﬁ(ﬂ) is also a reciprocal lattice vector 3& SO

that 74 = Since k 1is restricted to a reciprocal lattice cell N4

Ji-

which can be taken to be always positive, can be utmost unity. The bound-

ary condition (13) now implies

ny = ﬁf 5 by =1,2,...,N . (V.14)
3

Clearly there are ©N;y allowed values of LFR the N= T Ny values
i=

of 3& will be called the N permitted wave numbers. Therefore it is seen

- (7
\

that the assumed solution voth the uni

oth q
the boundary condition through a single condition (14) on k.
It is imperative that the number of modes of vibration in a finite
crystal be equal to the number of degrees of freedom. The crystal which we
have just considered contains N lattice cells with n particles in each
cell, then the number of degrees of freedom is 3nN. On the other hand,
in the model there are N permitted values of \g\'and for each k the
secular determinant (9) yields 3n frequencies so the number of vibration
modes is also 3nN. Furthermore we note that the volume of the reciprocal

lattice cell is just

ot - xp7] = L S
- A lax - a2 x 23] va

where v is the volume of the lattice cell. This indicates that the per-

a

mitted wave numbers k are uniformly distributed in the reciprocal lattice

with a density equal to Nv, =V, the volume of the crystal.




VI. NORMAL COORDINATES'

The discussion in the previous section shows that the use of har-
monic approximation and the periodic boundary condition leads to a Hamiltonian

for a finite crystal of the form

N N
_ 1 av-l/ms \2 ss'! s _s'
By “5% széx{(b’” (T5) +§, S;a,uz-z'oa'u/zauz'a'} (V.
where the first term is the usual kinetic-energy term with Tia =’5-S—g— .
1 du
‘ £

Since the particle displacements in the potential are coupled, it becomes
desirable to seek a new set of independent coordinates in terms of which
the Hamiltonian appears as a suu of terms, each involving only one of these
coordinates. When these coordinates are properly chosen, the transformed
Hamiltonian will exhibit the same form as that for 3nN independent oscil-
lators and any subsequent analysis will be considerably simplified. Such
a set of coordinates is known as the set of normal coordinates.

It will be convenient to eliminate the presence of the particle

mass by introducing reduced quantities. Thus

wza = (Ms)l/guza , (Vv1i.2)
1 1\ - 1
D;z'm' = (M) 1/2U3§2|w' ’ (V1.3)
2 1 1
1 5 ss s _8
s =3 zgd {(Pza) * £'§|G'Dz-z'aa'wzawz'a'} ’ (VI-i)

¥ Part of this section follows the treatment of Born and Huang Reference 8.

38
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A d
i s
coordinate transformetions we will first examine certain useful properties

Before actually introducing the normal

s =
where pza

of the solution (V.7). Consider the function

e

Alk) =

. .
5 2rik(n) xg
- £
3 2ning Ny
_1 7 et (vr.5)
i=1 ; _2mini

=2

Since Njm; = h; are integers, A(&) vanishes everywhere except at the
reciprocal lattice points where the denominators also vanish. That is to
say, Ny will only be integers when &Kn) becomes a reciprocal lattice
vector. Therefore,
1 all 7n4 are integers
Ak) = { ' (VI.6)

0 mny not all integers

Now construct the function

_1/262ﬂi§(n' ) -M]*[(N)-l/e eznigg(n) £

Al-k(n")+k(n)] = Z[(N)

WA

s

=M=

which, according to (6), will vanish unless the argument of A is a recip-
rocal lattice vector. With the restriction on k given by (Vv.14) the non-

vanishing of A reqguires

k(n') + k(1) = k(n-n') = k(o)

Hence we obtain the orthonormal property

N 2nik'-x, * 2mik-x
% %(e &%y (TR = Bkt (VI.7)
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where k and k' denote two permitted wave numbers. By a similar argument

the closure property of (10) is obtained,

2 . 2 ik'
(27HeXpr ¥ BrikXyy 800 (Vv1.8)

=M=

1
N

where £ and £' are two lattice cell indices.
The transformation to normal coordinates can now be derived. First

expand the reduced displacements

N

8 _ (qy-L/2 2nik Xy

Vs ® Ew;de , (V1.9)
with inverse

| 1/2 3 s _-2nik-x; |

v;_a = (N) );'"ch TE (V1.10)
The fact that the displacements must be real implies

ia = "-B-g.a . ' (V1I.11)

As a result of (11), the potemtial part of (4) becomes

N 1
1 88! s s 2ni(k+k') x,
el R R
H‘l Blal
_1 ss' 8 _8'
=3 Ea Dyory ¥xa -kt
slai
x

where

Physically, expansion (9) describes the real displacement in terms of a

series of N traveling waves with complex coefficients as amplitudes.
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This unitary transformation reduces the potential to a series of N complex
1

forms, each characterized by a 3n x 3n matrix Diga: which is Hermitian.?

For a given X there exist 3n sets of eigenvectors eija and eigenvalues

-\

2 2 . I3
Wy J =1,2,...,3n, satisfying

2 s _ ss' s'
9§j§§ja = S?&,D§pa'egja' , (VI.12)

where the eigenvectors form a complete and orthonormal set,

¥ s* s _
L, Ckiofkgia = Bygr
1
Z eijoﬁija' = qaa'ﬁss' (VI'IB)
J wA YA
+
Furthermore,
s*¥  _ s ] (VI.1h)

®kj(a)

It is interesting to note the similarity between Equations (V.8) and (;2).

CSS !

l . . I3
In fact Diga, is completely equivalent to the matrix koo

wA

a difference in the phase factor. Accordingly, the corresponding eigenvec-

except for

tors ga , more explicitly written as gija , differ from e by a com-

s
kjo
pensating phase factor exp(-2ni§-§?). Since the two eigenvalues are the
same for a given ‘§, the choice of phase factors is arbitrary.

As noted earlier the need for normal coordinates arises from the
fact that in Equation (1) the particle displacements are dynamically coupled
through the three indices referring to lattice cell, position in the cell,

and direction of displacement. Since the normal coordinates will not be

coupled in the Hamiltonian, they must not depend on £, s, and &. The

* Proof given in Appendix A.
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transformation (11) has eliminated the coupling through cell index £ by
introducing the dependence on %ﬁ It follows that the next step should be
one which will transform the dependence on s, & to a dependence on other
indices. This can be achieved by using the eigenvectors just found. So

we write

s . ¥ S
wo = e Q. (VI.15)
ke oy Tkjotky

with inverse by virtue of (13)

_ s s¥
U T G e (V1.16)

On account of the fact that (s,&) 1in the dynamical matrix Di;&u can be
taken as a single index, only a single new index J, J=1,2,...,3n, is re-
qQuired in the transformation.

Now the Hamiltonian (1), when expressed in terms of the coordinates

ij, takes the form

N 3n
1 A2 9 (¥ 9
Hy =51 L (@ &g &
+af } | (IV.17)
kJ %&JQ&J ’
where
* s s¥* s¥ s
%7 & %kJe ke T Lokje ke =gy

We will regard the set of coordinates ij as the 3nN complex normal co-

ordinates related to the actual particle coordinate by the expression

N 3n

s _ -1/2 5 2nik-x g
Wy = (M®N) E ? ije§ja e . (v1.18)
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In the study of neutron interaction with crystal two different
kinds of normal coordinates can be used. We will next show how they may
be derived from the coordinates ij Just cbtained. It will be seen that
the first kind of normal coordinate corresponds to a combination of the
complex waves described by ij and its complex conjugate Qﬁj to give
two real standing waves while the second kind of normal coordinates in-
volves a reformulation of the problem in which the coordinate and its
canonical conjugate momentum are expressed in terms of quantum mechanical
operators known as "creation" and "annihilation" operators. Physically,

the latter type of coordinates is related to traveling waves moving in

(
\

S~

Q
opposite directions.‘”

A. Standing Waves

Observe that for k = O, Q¥, =Q_ ., so that these coordinates

WA 0J od
can be used directly as real normal coordinates. For &\# 0O the permitted
wave numbers can be divided into two groups by passing an arbitrary plane
through the origin in reciprocal space. Therefore, to every allowable \5
on the "positive" side there corresponds a -k on the opposite side of the
plane. Since the Hamlltonian is symmetric in Xk 1t 1s then only necessary
1

to'sum over half the reciprocal cell. Let Q&j =75 (zq + 1izp), where
24, 1 =1,2, are two real, independent coordinates and we have suppressed

the indices 5\ and Jj. Under this additional transformation the Hamiltonian

(17) becomes

N/2 3n 2
1 2 2 2
Tt % J’él i§l{pi " ot

3

3 5 Which is the familiar form of a system of 3nN uncoupled
i

with pi =

b | S



o

harmonic oscillators. Each of the 3N/2 frequencies is shared by a zj
oscillator and a 2p oscillator. In terms of these real normal coordi-

nates the particle displacement has the form

s s _\-1/2 s 2mik.xg s¥ -2mik.xy

AV

. * . .
+ iza(eijdegﬂik XL+ eijde anik 35.2)}

In the special case of monatomic crystal, the particle displacement can be

written as

o = G L Aga (o coslex,) + 25 sinGex)}

where Akja is the Q-th component of the phonon polarization vector Arj-

The normal coordinates in this form have been used in the early investiga-

tion of neutron scattering by crystals.(l)

B. "Creation" and "Annihilation" Operators

Consider the Hamiltonian given by (17),
1 * *
H= 5 Z. (P}\P}\ + (D}\Q}\Q)\) » (VI'lB)

where the indices k and j have been replaced by A for convenience and

hy
N

which satisfy the commutation rules,

Dy = Coordinate Ql and conjugate momentum py, are operators

[Q}\,p)\t] = ir\ 5}\}\|

[@),Q}1 = [py,p3] = Q071 =0 . | (VI.19)
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In order to examine the time dependence of Qk and Py, We next consider

the equations of motion,(lo)

. dQy _ s *
l% a’t— - [Q}\}H] = 1% P}\ )
14 % = [py,H] = -1hePQ¥

where we have used the fact that summation over k includes both positive
and negative wave numbers in evaluating the commutators. The equations are

then easily solved to give

-it it
U

* *
with py = Corresponding expressions exist for Ql and Py - Since

dt
*
Q) = Q_,, where the sign of A\ corresponds to that of k while index J

1s always positive, the relation between the time-independent operators

ay b)\ is

1 i 1 i
ay = E(Q}\ + - P)\): by = §(Q)\ - (D—}\ P'))t) ’

and they satisfy the commutation relation

*
[a}\,a)\:] = E(D—}\ 5}\}\1 .

2w /2 . -1yt
We can therefore define new operators, ¢{ = (_Zr a)e so that

the Hamiltonian (18) becomes

H="h z o (8t +3) (VI.20)

)

+
XCX
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with

%*
[g)\,g)\l ] = 5)\l' (VI.gl)

The original particle displacement is now expressed as

1

1) = T el

/2 _ .
- (Eg;ﬁ) 5 1/2{ck 8 o2k KL

5 =2nik.x
628508 2 (Vi.22)

+

In arriving at (20) and (22) one must keep in mind that X\ can be positive
and negative Dbecausc of the summation over k. Equation (22) 1s commonly
used to describe particle motions in studies of neutron interaction with
crystals.(5) For the Elnstein crystal the particle displaéements are the

normal coordinates for the system, and upon transformation become

u (t) = (éﬁ;w + ;3*) , (VI.22a)

where it is to be expected thatu;a(t) is independent of «.

We proceed to show that ;; and gk operating on the wave func-
tion of the crystal will result in the emission and absorption of a quantum
of sound radiation (energy &&am), known as a phanon, and are therefore the

"creation" and "annihilation" operators. It is noted that (18) is in the

. form of a Hamiltonian for 3nN uncoupled harmonic oscillators, therefore

the energy of the A-th oscillator in the n-th eigenstate is

<oy |By[ny> = (ny + Dhw, (V1.23)
where

Hy = % (Pypy + 95A3Qy) »
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and \nk> denotes the wave function of the A-th oscillator in the n-th
eigenstate. n, 1is the quantum number of the oscillator and can also be
regarded as the number of A-phonons in the system. According to (20) and

(21), we have
oyl -1 1
(Flan) ™" () + %) =68 (e @ -3 = 6L, - (.2
Operate the first equation on ;N’

R ™, + DY, = Gt = o™ ¢ (5 - B
so that

Htyn> = (ny-1)¢, 0> . (vi.25)

Equation (25) shows that §k|ni> is proportional to an eigenfunction of H,.
Let the proportionality constant be A,, a constant depending upon n, then
we can write

Cllnk> = Anlnl-l> .
Similarly it can be shown that

*

¢y Iny> = B |ny+1>

where Bp is another constant depending upon n.

To determine A, and By we simply observe that
X 2 * 2
<D GGIm> =By s <aylhtalnge = A

Comparing the Equations (23) and (24) it is seen that Ay, ='Jhk and

Bn = n)\+l .




VII. SCATTERING OF NEUTRONS BY A MONATOMIC CRYSTAL

Scattering by a monatamic crystal is perhaps the simplest case
in which all the essental aspects of the dependence of cross section upon
the structure and dynamical behavior of the scattering system can be in-
vestigated. The results derived in this section can be generalized in a
straightforward manner to the polyatomic case by the use of structure fac-
tor. We now use the crystal model which has Just been developed but will
simplify it to the case of only one particle occupying each cell. The
differential cross section will be calculated using the formalism developed
earlier and interpretations can then be made which are basic to a general
un@erstanding of neutron interactions with crystals.

We first consider the factor in Equation (III.11),
'Q(£Z'>T.-= % Pn<nIXz£' |n> ’ (VII.l)

with,

1K-Ryt (t) -ik-Ry
VoA e Al 3N R

Xggr =& (viI.2)

Here < >p 1s used to denote the average overvall possible initial states
n (previously ngy) of the crystal. The crystal is taken to be in thermo-
dynamic equilibrium with the. surroundings so this.average‘ié often called
the thermal average. In terms of the normal mode analysis we can approxi-
mately. describe the dypamical behavior of the N-particle crystal by that of
a system:of 3N independent harmonic oscillators. It will be seen that
use of the "creation" and "annihilation" operators greatly simplifies the
calculation and that the explicit form of |n> 1is never needed. The in-

stantaneous position of the particle in £Z-th ~cell can be written as

-48-
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where the decomposition into normal coordinates ry 1is written formslly.
Whenever explicit forms are required, ry are the "annihilation" and

"creation" operators, i.e.,

* %
Lepry =2 Byt + 2,60 (vIT.4)

with

= ( A )1/2

7 2nik-xp
LN C2MNwy ’

Ae

s

where 1t is understood that index )\ represents one of the N permitted
wave humbers and one of the three directions of polarization. Thus

Ak =l§3(&> is the J-th unit polarization vector appropriate to that os-
cillator whose propagation vector is %ﬁ We note that in the quantum
formalism Xy, ‘the equilibrium position of the £-th particle, is not a
dynamical variable and that the normasl coordinates can appear as time-
independent operators: Ty (or gk) in the SchrBdinger picture, or as
time-dependent operators r(t) f[or ¢3(t)] in the Heisenberg picture.
As we have shown, the difference between. gl and gx(t)vis the time factor
exp(-iwlt). The commutation rule and eigenvalues of these operators have
been given earlier.

The operator (2) now takes the form-

o8 (r-xp) 162 Zpany(t) o-1eeT Zppry

i

Xge

i\K'(xzn-xz) i‘n-Zﬂ')\r)\(t) -ik-Zgara
e AT 4 e
A

b
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since the normal coordinates are independent and therefore commute. Next
we observe that for any two operators A and B which commute with their

commutator [A,B] there exists the identity+

A B A+B + %[A,B]
e e =e¢e

We make use of this fact to write

. \
tee(xgraxg) - 2(e2e) (e (0 ma) 16{Zp0na(6) - 2oyt

Xppt = e
£2 o\

The thermal average (1) becomes

15 (x40 -%4) A
<XM'>T e % I)]\: Pn}\<n)\|X‘U' |n)\>

ik (xpr-%g) A
=@ I}E <Xz£.|>T, (VII.5)
where the initial crystal eigenfunction |n> has been written explicity
as a product of oscillator eigenfunctions |nx> sy A=1,2,...,3N, and

<x2\’e|>T = Z Pl’l <n)\|X2\31 ]n}\>
ny, ™ (VII.6)

5(5-2072) (5200 (72 (%) 1] - {Zpr ara(t) -Zoarat

=e <e >T,

the commutator here being Jjust a number. It is noted that we have written
Pn, the probability of finding the crystal initially in state n, as a
product of Pnl's s where Pnk is the probability of finding the A~th
oscillator initially in state n. Again this is a direct consequence of

the normal mode analysis and the fact that the crystal is in thermodynamic

+
Proof given in Appendix B.
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equilibrium. The density matrix is diagonal and is explicitly

-2nv -2nv, -1
Pn}\ = € }\( Ze )
na

-2nV -2V 5+
=e Np.e TN, (VII.7)

where Vv, has been defined in Section IV. It is seen that phonons obey

Bose-Einstein statistics.

by
In order to calculate the thermal average of XEZ' we make use
of the corollary to Block's theorem(h)
1 <™,
<eBrp = e , (VII.8)

vhere Q 1is a multiple of, or some linear combination of, commuting

oscillator coordinates and their conjugate momenta. Then
A 1 2 2 2 2
<x££'>T = exp{- E[(Q'&zv)\) <I‘}\(t)>T + (&’%zx) <I‘)\>T
- Q(K'Zglx)(K'ng)<rk(t);r)?T]} . (VII.9)

The thermal average of the time-dependent and time-independent normal co-

crdinates can be readily obtained,

2 2
<ry (£)>p = <ry>p = 2<ny>p + 1,
—i(l))\t i(l)}\t
<\ (t)ryop = e <ny+l> 4+ e <ny>7
where
-2V -2v

<n')\.>T = nZ‘ln}\Pn)\ = (l-e
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Equation (9) becomes

2

N 'Dk(ﬁ'ﬁl) o -nvy, -in{2mk.(xpr-x;)-0yt
ooy = e 5 o -in{amk. (xpr -x0) -ont}

L2

n=-o
2
(x) Ip(Py(5-A)) ) (VII.10)
where
’K coth v ‘ﬁ csch v
D A P A
AT ooy, 0 M T 2y

and we have rearranged the result by using the generating function of the

modified Bessel function of first kind,

%r(t*%) o0
e = 2 tnlnﬂr)

n=-c0
We can now exhibit the energy- and angle-dependent differential

scattering cross section for a monatomic single crystal of N spinless

particles as

ke -1ipt g (xg0-%g) X
O(D,Q\) = -Q_FNR:);\ fd.te z§' &‘ea’ele I}E <xzz!>T
~2W .00
kfe -ipt . “myVy, 2
= == [dte I X e M o(P (kA

Qﬂki&\ f X m) =-® m)\ At M)‘) )

imywt
{x) Fpe X, (VII.11)
where
2
exp(-2W) ='exp{¥§ DX(K'AX) }
1
le = F r azaz,exp{l K<2mmyk) (xz. )}

28
Since the present crystal model assumes harmonic vibrations of the particles

then it should be possible to reduce the above result to that for the
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i3]

ivsm=in  crystal. The necessary specialization required is indicated from
a  comparison of Equations (IV.22) and (IV.22a). Hence we obtain for the

monatomic case,

Dk 3 -nv _-inwt 2
<X£2>T = ¢ n; . e e In(Px7)

where D, P, v have been defined in Section IV. Note that the reduction

applies only for £'=4. For z'%z the thermal average is time-independent

because
+
<xz|2>T_ = Z Pn <n|AZ. (t)Az|n>
+
= <hp>n <A,
where

<Dg>n = n% Pn fn,z Ay lnp>

and ]n2> is the eigenstate of the.particle in the £-th cell. The corre-

sponding differential scattering cross section for the Eiensteln crystal is

2
-DKk
kge -ipt 2 & -n(v+iwt) 2
o(p,Q) = =——— [dte Za, L e I,(Px
4 2Nk H : {g £ = e n(Px)
o 1k (xg0-%g)
+ agrage’ b= } (VII-1la)
22

We have shown that a system of oscillators can undergo energy transi-

tions only in discrete amounts the \-th oscillator can transfer an amount

equal to integral multiple of its energy level spacing *ﬂwl. Therefore for

any neutron-crystal interaction the energy gain or loss of the neutron can

be written as

p=2Lmnw, , (VII.12)

pS
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where each integer n, can be positive or negative.. Accordingly ¥e per-

form the indicated time integration to obtain from Equation (11)

kfe -2W

G(Q,ﬂ‘) =

8 Zﬁ(nx-mk)wk)g F

kg {%’)\};‘ % A

RONSY

(x),Imk(Pk(Q'&x)E)e (VII.13)

The energy conservation conditions appears explicitly as the delta function.
The indicated summation is over all possible sets of {m}} and for a given
set {ﬁh} each my 1in the product is specified by the set according to .
In an energy measurement the effect of the finite resolution of
the instrument is essentially to integrate the measured quantity over a small
intervai about the energy of the scattered neutrons.. When treated in this
manner‘£he‘differential_cross section c(p,&)'isjnon-zero only for
% (nkij)&l = 0. For a given p we note that the set of integers {n)}
ma& not be unique. This is to say, there may exist different multi-oscillator
excifatién processes which can result in the same net energy exchange. We
shail, however, ignore this aspect and assume, for the purpose of subsequent
discussion, that each set {n;} corresponds uniquely to a particular neu-
tron energy transfer as written in (12). Thus it becomes possible to iden-
tify»the coefficient of each delta function as the physically measured

o(p,Q), for example,

-2W

koe -V 2
_of AV g
a(p,Q) = —E;_—_ g.FnXe Inx(Px(ﬁ Ay ) (VII.14)

In this way'the elastic as well as all the inelastic cross sections can be

derived from Equation (13).
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We next examine the structure factor Fpy « It is convenient

to remove it from the product by writing

17 -
Fol 3 oapeit @) (VII.15)

N ge
where r=K- § me, g = 2nk  and indices £ and £' range over all
lattice sites in the crystal. When the crystal contains two or more iso-
topes for which the scattering lengths differ the summation process effec-
tively averages the scattering length over all the isotopes present. We
can exhibit the double sum as two partial sums,

1

5y a,a£!e¥l'(§z"§z) - % ai + z%‘ azaz.etz.(ﬁz’-él) , (VII.16)
where the prime indicates that terms with £ = £' are to be omltted.
The first sum in the separation can be interpreted as representing direct
scattering effects while the second term involves scattering due to dif-
ferent particles and therefore represents interference effects. For a
relatively simple model it will be instructive to discuss neutron inter-
action in terms of direct and interference scatterings and show the depend-

ence of the two effects on different physical aspects of the scattering

system. Essentially this was our approach in the discussion of the FEinstein

crystal. To carry out the indicated summation let CA be the fractional

concentration of isotope A which has scattering length ap, etc. Then

iy. - 2 . -
Y a,a, e (xg1-xg) _ (c AaA+cBaB+...) DAL IA (xg1-2g)
£

a2 +...)+(e
i S , A% s

e 2
Cgep

1y (xg1-%p)

2 et
£e'

N <a2> + <g>

17.x, 2
N {<a® - >} +<a>B| Lo H° (VII.17)
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In the second sum we have assumed that the crystal is completely disordered.
That is to say, the existence of an atom of a particular isotope at £ 1is

independent of the type of atom at £'. The 8ymbol < > 1is used to denote
isotopic average. We will express A in terms of reciprocal lattice basic

vectors so that

3

s
7YX, = L V.4
e R g ’

where 7g and £8 are the respective components, then

' N,
N 5 s
iy.x,,2 3 17g4° 2
T T N I Pl
£ s=]1 Eszl
3 sin®(N.7./2)
=T T s/ , (VII.18)
s=1 sin (75/2)
3
where Ng 1is the highest integer that £5 can assume, i.e. I Ng =N.
s=1

It is noted that this expression will be small compared to its value when
the denominator vanishes. Since the denominator vanishes for 75 = Eﬂps,
g = O,+l,..., we only need to examine the behavior of (18) in the neigh-

borhood of these values of 75. ILet 75 =2muy + €, € small, then

sin®(Ngy./2) . sin®(N e/2)

= ~ 211Ns5<€)
sin®(74/2) (e/2)2
As a result we obtain
N . 2
iy 3
| % A 2‘-’31 = (2x)3N nl 8(7g-2nyg) . (VII.19)
S:

Equation (19) shows that the difference between momentum transfer vector
X and multiple phonon vector % n,qg is a vector X defined in recipro-
cal lattice space by

Y = % '
WA S=l ySM J
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where, as we have seen in Section IV, a certain property of crystal struc-
ture 1s expressed through 3& Thus the influence of lattice geometry
appears only in the above delta functions.+ In elastic scattering these
functions express the well-known Bragg condition originally proposed for
X-ray interference effects.

The single crystal differential scattering croes séction can now

be written as

kee™™ o (2 )3 2
hid
o(p,Q) = Ky ar + —;;—— acs(z-EnX)}
-V 2
(x) T ™M (Py(58)°) - (VII.20)

2
where a% = <52> - <a>2, ag = <a>2, and the delta function is expressed

in cartesian com.ponents.++ The part of cross section tontaining a? is

called incoherent while that containing ag is called coherent.™™ We

observe that the source of incoherence is the existence of isotopic mix-
ture. If the crystal were monoisotopic then a? = 0. In the next section

incoherence due to nuclear spin effects will be discussed.

toIt is important to keep in mind the fact that use of the delta functions
to represent mathematically a sharply peaked physical behavior is made
for convenience.

** Since the delta function in question is defined with respect to a three-
dimensional integral the Jacobian involved in the transformation is Just
the ratio of unit cell volumes in the two spaces.

It is important to note that incoherent and coherent scatterings are
not to be confused with direct and interference scatterings. While in-
coherent scattering does not contain lnterference effects coherent
scattering does include certain direct scattering [see Equation (17)].
The Justification for the present convention apparently lies in the
explicit display of isotopic effects (and later also spin effects).
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The general expression (20) allows excitation of an arbitrary
number of oscillators. For the purpose of subsequent discussion we will
only consider those inelastic interactions in which one oscillator
undergoes a change of energy. The scattering which causes that oscillator
to lose or gain an amount of energy equal to n multiples of its level-
spacing is known as an n-phonon process., Phonon emission or absorption
are often used to designate respectively loss or gain of neutron energy.
Although all inelastic processes are permissible so long aes the energy
conservation condition is satisfied, it can be readily shown that the
most important single inelastic process is the one-phonon exchange., The
one-phonon cross section crif1 is obtained from (20) by setting n, = + 5klo
and using the series representation of I (x) appropriate for small
arguments.+ Here the oscillator responsible for the scattering is
designated by Ag. The two-phonon cross section oi? is similarly obtained

+2  +1
by setting ny, =+ 25xxo’ and the ratio o~ /d‘ is effectively given by

1

Yo which is proportional to N~—, For this reason it

the factor Pk e
(o]
is often sufficient to treat inelastic scattering as essentially a one-
phonon interaction. The phonon-absorption process o is related to
- -2ny by
that for phonon-emission o through the factor e O, We note

that general remarks on energy transfer, made earlier for the Einstein

model, spply equally well to the present situation.

* This is Justified since Py which appears in the argument contains
a N'l factor where N is the total number of particles in the
crystal.
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While the foregoing discussion applies to both coherent and in-
coherent scattering it is seen that-the‘coherent cross séctidn contains
an additional factor in the form of a delta function. We have already
noted that any process must satisfy the energy requirement which for one-

oscillator excitation becomes
P=t noy . (vir.z1)

The appearance of the delta function 6(&-2n§) imposes an additional con-
dition for coherent scattering. Since z\ depends upon the neutron momenta
and phonon wave vector this condition may be interpreted as momentum con-
servation although not in the sense of ordinary particle dynamics. We shall
examine in some detail the special case of elastic coherent scattering. For

this case the momentum condition is simply’
K= 21y , (vir.zz2)

where Kk = kr-ki. For elastic scattering k; =kr , & = 2k48in(0/2) and
it 1s seen that the angle of incidence is equal to the angle of reflection;
furthermore, the vector Y is in the direction perpendicular to the plane
of reflection (see Figure 5). For reasons which will be clear shortly let

us write

¥ =n7 = n(! + w2 +wd) , (VII.23)

where we recall that Y 1is a vector whose components in the reciprocal

WA
lattice are integers. Integer n 1is such that (uvw) are the smasllest in-
tegers having the same ratio as the components pf Y. Consider now plane

A vhose intersections with the lattice basic vectors %i(i=l’2’3) are
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R ELASTIC
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Figure 5. Vector Relation in Reciprocal Lattice
Space for Elastic Coherent Scattering.
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respectively 1/u, 1/v, 1/w. We observe that the vector g;/u - as/v

lies in plane A and that the scalar product of this vector with vector
I vanishes. Therefore T which is specified by (uvw) is perpendicular
to plane A. Moreover the distance between plane A and the next plane

&l X -1+
which is parallel to it is = FcT .

In other words, the length of
reciprocal vector T 1is equal to the reciprocal of interplanar spacing of
the scattering planes. It is conventional to specify both the reciprocal
vector 7 1in reciprocal lattice space and the scattering planes in crystal
lattice space by the same set of integers (uvw). These integers are-known
as Miller indices and are widely used to denote the orientation of a parti-
cular crystal plane.

We can now explicitly exhibit the well-known Bragg condition for

interference scattering. From (22),

4 sin2(e/2) (n}cr)2

or

24 sin(e/2) = nn, n=1,2,..., (VII.2h)

where ‘&< = k(2n)'l = k'l, A 1is the de Broglie wavelength of the neutron,
and d =1} is the spacing between crystal planes. The factor n is
called the order of reflection since its presence allows other wavelengths
to scatter from the same plane at the same angle.++ According to the Bragg

condition, wich is (24) with n=l, the reflection pattern from a given set

We are taking the second parallel plane as one which passes through the
origin. '

++
We are not interested in the higher order reflections so henceforth we

can take n to be unity (T = Y).
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of planes will show peaks at certain scattering angles, each peak repre-
sents only those neutrons which satisfy the energy-angle relationship.

The condition for elastic coherent scattering, Equation (22),
suggests a simple method, often known as Ewald's construction, for de-
termining Bragg scattering. Consider a reciprocal lattice (Figure 5) in
which the reduced incident wave vector 4§i is drawn such that it termi-
nates on a reciprocal lattice point. If another reciprocal lattice point
lies on a sphere of radius ’Qi centered at the origin of the incident
vector then interference scattering from the planes normal to the recip-
rocal lattice vector 3; is possible. That is to say, Bragg scattering
can occur if the difference in the reduced wave vectors is equal to a
reciprocal lattice vector.

A similar construction exists in inelastlic coherent scattering

where one phonon is excited. The momentum condition becomes
@1 '{éf tg=x-

As an illustration we shall consider scattering by Aluminum(ll) which has

a face-centered cubic structure with four atoms per unit cell, (OOO);

11 '
(§ 5 0); (% 0 %); (0 % %). For Bragg scattering the structure factor is
F(uvw) Y el&-&z = 7 e2n1¥§§g =1 + eiﬂ(u+v) + e1ﬁ(v+w) + eln(w+u)’
unit unit
cell cell

which vanishes unless u, v, w are all even or odd integers. We therefore
consider in the reciprocal lattice a plane containing some of these recip-
raocal lattice points, for example, those for which v and w are the same

(Figure 6). For a given incident neutron wavelength the scattering angle




Figure 6.
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®5ill

1l

Vector Relations in Reciprocal Lattice for
One-Phonon Coherent Scattering by Aluminum,(ll)

(Not to scale.)
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necessary for Bragg reflection by a specific plane is determined from (24)
with n=1. By knowing this angle, crystal orientations and measuring
kf,‘@f is determined. The phonon vector %‘ is obtained by connecting

iif to the nearest reciprocal lattice point. Now suppose the crystal

is rotated slightly through an angle ¢ so that the direction of incoming
neutrons is along ﬁ:i . Since the analyzer and scattering angle are fixed
a new scattered wave vector jg% and a different phonon vector %: are ob-
tained. Note that the angle © is computed for reflection by the 333 plane,

but the 511 plane can give rise to Bragg scattering as well.

Thus far we have discussed certain implications of the rather

orientation is specified by the reciprocal vector 'g. The differential
cross section <0(p,g)> for a polycrystal, a macroscopic crystal contain-
ing many single crystals at random orientation, can be obtained by averag-
ing o(plﬁ) over all crystal orientations or equivalently over all direc-
tions of X, and summing over all the permissible values of x which
give rise to coherent scattering. If the differential cross section is
integrated over all scattering angles and final neutron energies the re-
sult will be the total cross section o for neutron-crystal interaction.
Obviously, any attempt to obtain these cross sections for the general case
will be a difficult and tedious task. For in addition to the x-dependence
Equation (20) exhibits explicit directional dependence in the vibrational

frequencies wj(ﬁ) and polarization vectors \ﬁj<§)' At the same time,

evaluation of the Debye-Waller factor requires specific knowledge of the
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dispersion relation.t We will, therefore, turn to special cases for sub-
sequent analysis and illustration. Aspects of inelastic scattering will
be discussed in terms of one-phonon process:while the Debye model is
adopted in obtaining the various elastic cross sections. It will be shown
that the inelastically scattered neutrons can be used,. in certain cases,
to determine dispersion relation and vibrational frequency distribution,
and that the Debye approximation affords a considersble simplification but

still leads to results useful in studying limiting cases.

A. One-Phonon Process and Crystal Dynamics(le)

we

We consider separately the one-phonon differential incoherent

and collerent cross sections as obtained from Equation (20),

a2k

1 afke TNl ovyg) a1 1,
% neon P71 = 2MNk, w4 (q) {79507 Py (171)} , (viI.25)

1 (21)3akee 2 ¥ [xens ()12 )
:oh(p’n))\ Decte Ay = 8 ”*q'a"Y){(e )(g) -1) l + %(111)} ’

2Mk, @, COAA

(VII.26)
where the small argument expression of the modified Bessel function has
been used, and upper and lower signs denote phonon absorption and emission
respectively.++ The index ) reminds us that energy is interchanged with

the A-th phonon (previously called o) with propagation vector q and

WA

* Dispersion relation wy (k) is sn expression showing the dependence of the
cireular frequency w upon the direction of polarization J and wave
propagation vector k. This is a fundamental property of the crystal
determined by geometrical structure and interatomic forces.

*+ In this notation, w,(q) = w;(2nk) is always positive.
J VW
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polarization Jj. In other words, energy condition

2m
kf. - ki = + _-%ngj(&). (VII.27)

is satisfied for both cross sections. Equation (26) explicity contains
the momentum condition for coherent scattering .
We shall first examine incoherent scattering. According to (27)

all final neutron wave vectors ke must end inside or on a shell defined

2 /2 2m
by two spheres of radii max. (O,[kf - —%? wmax] / ) and (k? + 1R9 amax),
where Wpax 18 the maximum value of wj(q) for all g and Jj. Since
w wy

energy conservation is the only condition to be satisfied, incoherent
scattering is seen to occur in all directions, and the energy distribution

of the scattered neutrons is continuous within the shell. We note that
+1

cincoh

the effect caused by the A-th phonon from that caused by all other pho-

(p,&)k usually is not measured since the experiment cannot isolate

nons. So no informstion will be lost if we consider incoherent scattering
in terms of a cross section that does not depend upon the particular pho-

non involved in the interaction, i.e., we write

st § +1 o
(p,@) = L @ (0,@)y, B(Bpeit, -+ -2 {q)) (VII.28)

o
ineoh =~ w J,q 1incoh

In most cases N 1is large so that the summation over q can be replaced
: ~ -

by an integration over the reciprocal unit cell,

N

L— [ dq
q (2n)3 unit =
wA cell

where V, the volume of the crystal, is the uniform density of distribu-

tion of q in reciprocal space. The summation over q in the Debye-Waller

W w
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Tacter is similarly treated. DNext we eliminate the directional dependence
through polarizaticn by restricting the class of crystals under considera-

tion., It is known that for a cubic crystal z A ( )

(@) = 8,n , or
3 B w

J

( i _ 1
21 o905 (@)850(@)A55(9) = By 3 2T dagyla) -

As a result, we get

+1 a2k Wv e 2

o Pyi) = LL

incoh 6(2“)3Mki

28( R ( -
J Bty wy(q)
where
) *w?va 5 dqcoth vj(gg
6(2n)3M J unit * wy(q)

The integral can be transformed to an integration over the frequencies by
introducing)fhe frequency distribution function f(w), defined as the num-
ber of normal mode frequencies per unit frequency interval divided by the

total number of frequencies. Formally we can write

flo)w = — T

2n)'3 [ da ; o< w<w
3 O

( < @< By
w < wj( Y <@+ Mw

W T

where the integration is over a re01procal unit cell. The incoherent dif-
ferential cross sectlon then becomes
2
+1 a2k .m k2 /V\ ‘kf-k ‘
= &1 fm

& (0,) - f<"‘ 12-k2|){ (e, 22ROT T 1) 4 303}
incoh M!kf‘kilk

(VII.29)




—68-

Equation (29) is independent of the direction of K and crystal orienta-
+1

tion but does depend upon the scattering angle ©. At a fixed @, Uincoh
can be measured as a function of energy tranefer and in this manner it is
possible to deduce the frequency distribution of the crystal.+

The above treatment cannot be applied to noncubic crystals and
therefore. incoherent scattering will depend upon crystal orientation.

(12,13) certain properties of f(w) can

However, as shown by Van Hove,
still be determined from the energy distribution of scattered neutrons in
a given direction. In particular, it is known that f(w) for a general
crystal contains a finite number of singularities as a consequence of the
periodic structure. These singulariﬁies are khown as singular frequencies
and are generally those values where E:wJ(%? = 0 or equivalently where
the discontinuities occur in the first derivative of the energy distribu-
tion. For the cubie crystals the energy distribution leads directly to
the singularities. Even for noncubic crystals the energy distribution of

incoherently scattered neutrons will exhibit similar singularities at

energies independent of direction of scattering.

In the case of polycrystals or powder the foregoing results for
cubic crystéls.remain unchanged since (29) is independent of crystal orienta-
tion. For noncubic crystals (28) has to be averaged over crystal orienta-
tions; however, the singularities can still be observed since their occur-

rence in the energy distribution is not affected by directional effects.

* Most dynamical properties of a crystal can be related to its dispersion
relation and frequency distribution fupetion. From this point of view
the problems of crystal dynsmics can be considered as reduced to a de-
termination of these two quantities.
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Incoherent scattering due to multi-phonon processes in general gives rise
to a distribution dependent upon direction of scattering but is continu-
ously differentiable. All singularities in an observed distribution can
therefore be attributed to one-phonon processes.

Now we examine the spectrum of coherently scattered neutrons.
As previously noted, for this scattering process there exists an additional

condition on the momentum. Combining the two conditions we can write
2.2 _ , emg
ke-ki =+ — ws (k) (VII.30)

In (30) we have made use of the fact that the wave vector q is defined
up to Enz, where T 18 any reciprocal vector so that wj(%feﬂl) = wj(%).
For each J Equation (30) describes a surface in reciprocal space and the
three surfaces form the so-called scattering surface S.¥ It can be noted
that S 1s continuous and therefore neutrons can be coherently scattered
in 211 directions. On the other hand since the final neutron wave vector
must end on the surface the energy distribution along any direction is not
continuous (in general, a vector in any direction will cross the surface
three or more times). If the discrete neutron energy 1s measured at a
given scattering angle, a point on each layer of S is determined. By
repeating this measurement as a functlion of direction the dispersion re-
lation, wj(ag is thus obtained in terms of the scattering surface. The
discrete nature of the energy distribution enables the one-phonon coherent
process to be separated from the incoherent and multi-phonon processes.

The coherently scattered neutrons in the polycrystal case will exhibit a

* Properties of S were first noted by Placzek and Van Hove, Reference 12,
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continuous distribution on account of the directional average. For this
reason, asingle crystal rather than powder is more suitable in lattice-
vibration experiments.

It is interesting to note that for phonon emission (lower sign)
Equation (30) cannot be satisfied if ki < Kpips where Kyqp = MTpip

and T is the smallest reciprocal vector which corresponds to that

min

set of crystal planes with maximum spacing. This is seen to be

2m i/2
the Bragg cutoff mentioned in Section II. When k. < k; < (Tﬁgwhax) {

the high frequency phonons cannot be excited and certain scattering direc-

1/2

2
tions are restricted. It is only when ky > (7%9 wmax) that all pho-

nons can be excited and scattering is allowed in a1l directions.

The one-phonon coherent cross section is given by (26). Again
if we sum over all %\ and J subject to energy conservation and replace
the & summation by an integration we obtain

i ) el 4

)

[k

.
€ §>
< k.

+1 IV\ kfage -

UCOh(p,V{"l‘) = 2M{i

ix |¥=

(
(
() {29 gyt Lo},

since both AJ and @y ere periodic functions of the reciprocal lattice,

*\kf

If we now consider 'a fixed final neutron energy, €%~—>E¥ 2m ;5 then
2 +1
ccoh . f dkro™ ( 19\)
Y S woow
dws(k
2Mi; w (K“)12k e (——ii:l) |
i¥ive /e8P A ak ey
f k.=k
wf wf
2vsir' -1 -
(x) {(e 3tet) 1) T+ %(l+l)} , (VII.31)
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where k' =k
wa

k- ks and J 1is that polarization index for which the

energy conservation, E% = Ei + %\wj(&'), is satisfied. The scattered
intensity therefore varies as [wj(ﬁ')]-l) Since small wj(k') implies
that k' - 2n7 is small or k' is close to a reciprocal lattice point
the intensity peaks in the neighborhood of reciprocal lattice vectors.
Also for small frequencies the lattice can be considered as essentially
isotropic and thus phonon polarizations will be purely longitudinal and
purely transverse. The different polarizations can be distinguished from
the intensity because ﬁ'oﬁj(gj) is zero and k' for the transverse and

longitudinal branches respectively.

B. The Debye Model and Incoherent Approximation
We obtain from Equation (20) the single crystal, differential

elastic incoherent and coherent scattering cross sections,

o 2 -2W .
% neoh g) = ate , (VII.32)
3 2 -2W
2n
P (q) - ¥Wace™’ 8(x-211) (VII.33)
coh ™ Vg s

vhere again the small argument expression for the modified Bessel function
has been used. As noted previously the polycrystalline cross sections

are obtained by averaging (32) and (33) over crystal orientation. This can-
not be done without explicit knowledge of the phonon polarization and
wj(%), If the crystal is cubic then the previous result applies and the
Debye-Waller factor depends only upon scattering angle ©. In general,
however, it is very difficult to solve the dynamical matrix discussed in
Section V' to obtain wj(3)° On the other hand, there exists a useful

approximation, originally proposed by Debye for the theory of specific
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hegts, which eliminates the directional dependence in the Debye-Waller
factor. The Debye model assumes that the crystal lattice can be treated
as an elastic contiruwum axd in this approximation it is shown that the
vibrational frequency is independent of direction of polarization and is

linearly proportional to the magnitude of the wave vector

U{j( ) = Cl%\l P)

WA

with ¢ the average sound velocity in the crystal.”™ It is known that

this model has been found to give satisfactory results in problems in-
volving a summation of all the .vibrational frequencies. Therefore it can
be sultably used to predict the energy and temperature dependence of the
total cross section.(h) But, as we have shown, angular and energy distri-
butions can be.sensitive to the details of wj(%? and f(w), so in these
cases the use of Debye approximation is likely to be inappropriate.

For the purpose of our illustration we shall proceed with the

above approximation. The Debye-Waller factor now becomes

. hed T q-1 coth feq
-2W 2¢cMN q 2koT
e e
2
. BE
=e M , (VII.34)
where
342 Ko X
b= [ x coth( Ydx
2(ke8D) o ~2kgT

Reader unfamiliar with this aspect should see Reference 8, Chapter II.
We note that the Debye model, when applied to a polyatomic crystal,
ignores the .optical branch of the dispersion relation.

++ This 4is not quite true since the longltudinal and transverse velocities
are different. For simplicity, the difference is ignored in the pres-
ent discussion.
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In writing (34) the summation of q has been replaced by an integration

over the unit cell which could be .taken as a splere with radius.
1
Upax = (6n2N/V)~/3 chosen such that the total number of wave vectors is

N. ©p 1is the Debye characteristic temperature of the crystal defined

cq
as @p = ——ESEE§ . Since the Debye-Waller factor 1s now independent of

crystal orientation, ogncoh(&)’ as given by (32), is therefore valid

for polycrystals as well. The total incoherent elastic cross section is

0 o
cIincoh = f dgoincoh<9u) 8
2 .2 - - 7‘21-
- % (1 -e Ay (VII.35)

M
where A = -— , For small E¢, o° hna? . The polycrystalline co-

My incoh™™
herent cross section is

o 1 : o
<%on” v ~ kx I ¢ﬂ(£)°coh(&)
. ’ 2
o2 u(2nT)
g -
pl-wen- i M &(k-2n1) ,
8

where subscript T denotes coherent scattering from a particular reciprocal
vector (or equivalently that set of crystal planes whose normal is parallel
to z). Since k = 2ky8in(0/2), all T satisfying the inequality T < ki/ﬂ
can contribute to coherent scattering.+ Then the total coherent elsstic

cross section becomes

o o
oo = L [d<ao .>
coh T < ki/n coh™ T

- 2

H2ra2 - p(2nr)

+ This implies that at sufficiently low energy where Tmih > ki/ﬂ the
coherent elastic cross section vanishes. This is another way of stating

the Bragg cutoff.
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-1
We note that Ggoh varies as Ei and will exhibit Jjumps whenever a re-

ciprocal vector begins to contribute. At higher energies the effect of
additional T's Dbecomes less and.- less significant and the fluctuations
will eventually diminish. Therefore if we consider sufficiently high in-
coming neutron energy the summation may be approximated by an integral.
Upon multiplying the summand by hnv&Tsz we integrate from zero to

ki/n to obtain
P =M(l-e-§%)
coh 2uEy ?

a result which is identical to (35) aside from the factor of scattering
léngth. In this approximation it is then only necessary %o calculate the
incoherent cross section and replace a? by <ae> to obtain the total
cross section o°. 'This is known as the incoherent approximation. It is
interesting to note that in the low-energy limit the total cross section
for a monoisotopic crystal is © = Ugncoh"" hn<a2> , often referred
to in the literature as the bound-atom cross section.

We will next examine the high-energy limit which corresponds to
the interaction between a neutron and a free atom. It is obvious that in
this case the neutron emergy will be sufficiently high for the incoherent

approximation.to be applicable. Accordingly, the differential cross sec-

tion becomes

2 ) ./ 00
ke<a™> -i(Ep-Fi)t oW /
o(p,Q) = i Sl [ate T VP gWoy RAQEY
™ 2nki -0 & n=g
) .
P(x)kc.n 1 -inho(k)t
(x) EEIoyn L inhele (vI1.36)
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where we are only interested in phonon-emission. The reason is that the
above limit implies that we may consider the limit of vaniShing tempera-

ture; since phonon-absorption is proportional to p{ 2k T }, the

probability that the neutron will gain energy therefore vanishes as T -»0.

Equation (36) can be rewritten to give

2 00
<a®> i(E -E )t + 6t
o(p,Q) = 5‘";;— Jate T ) ’, (VII.37)

where

L (Ke )2 cesch v( i)f’\w(k)t th v(
8(%) = o Z " 2w (k) £ " - coa)(;&; I

As usual we replace the 'k summation by an integration in the Debye approxi-

mation. At the same time we expand exp(-iwt) in a power series up to

2

order of t*. Thus

1(h8)2  3(4R)Bkgep .2
g t o Q . (V11.38)

o) = -

It is interesting to observe that the expansion requires that
Aadhaxt = k,Opt < 1; in other words, 8(t) should be large and negative
so that for k,Opt > 1 the integrand essentially does not contribute.

This will be the case if in (38)

3(Arkgept)® (hr)2

>> 1, or
16M(kOp) 2M

Therefore the alove expansion actﬁally correspondé to the statement that
momentum transfer, or recoil energy EgR, 1is large compared to the binding
energy -- the weak binding limit. Before inserting (38) into (37) we note
that in order to obtain the free atom result @op must be set equal to zero.

This is because our model treats the atom as harmonically bounded in an
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oscillator potential and so the atom will never become free unless the

force constant is identically zero. We therefore obtain from (37)

kf<a >

ky

o(p,Q) = 8(Eg-E; +Eg) . (VII.39)

The delta function expresses the physically cbvious condition that in the
interaction between a neutron and a free atom initially at rest the dif-
ference in neutron energies is necessarily the recoil energy of the atom.*

The argument of the delta function can be written as

k

T;—%ﬁj {mocosO + (MF-m@ sin20)l/2}
o

kf=

or

(A l)ki < kp < Ky

Integrating (39) over 8, we find

-1
aolE,) = by <aa> — = kg <a%> (E.(1-a)] 7 ; af; < Ep <
§ i J - -
L O ; otherwise (Vi.ko)
1.2
where ( This particular result, which can be derived from

A+l

purely kinematic argum.ents;"+ is widely used to describe the neutron energy
moderation process in nuclear reactor analysis. Integrating (40) over

2
final energy we obtain ¢ = bx <as> the correct total scattering cross

section.for a free particle.

+ . .
For a high-energy neutron (E > ev) atomic motion can be neglected.

+ It would be necessary to assume that the atom 1s initially at rest,
scattering is elastic and isotropic in the center-of-mass laboratory
coordinate system.




VIII. NEUTRON-NUCLFAR SEIN INTFRACTION

Thus far our discussion has not considered the presence of spin
or intrinsic angular momentum. However, a more complete treatment should
include the effects due to this additional degree of freedom. As will be
seen in the present section, spin effects constitute another factor of in-
coherence in the scattering.

Let us re-examine the formulations presented in Section ITI.
Instead of (UI.10) the Fermi pseudo-potential describing neutron-nuclear

interaction is now cast into a spin-dependent form,

21{5\2 N §

o 5 ale, Y)o(z-R,) | (VIII.1)

0
where 8 and §. 4 Bare the intrinsic angular momenta of neutron and the
£-th nucleus respectively. In order to exhibit an explicit form of
a(ﬁgggz) recall that in the earlier instance the scattering length 845
which is regarded as an empirical constant to be determined experimentally,

was introduced. If we now assert that the neutron-nuclear interaction con-

sists of two parts, only one of which is spin dependent, then we might put
a(s, §z> =ay + bg(§°§£) , (VIII.2)

where by is another empirical comnstant. This particular form is chosen
on the basis of simplicity, conservation of angular momentum (rotational
invariance), and inversion (space and time) invariance. Moreover, since
s = 1/2 higher powers of s -can always be reduced to the linear form.
Having made the adjustment in the potential we proceed accord-

ingly with the following modifications. The system eigenfunction now

-77-




-78-

appears as ®nXms, where Xms is a column vector specified by ms, the
projection of nuclear spin glong the =z axis.t As usual, the set
{¢nxms} is taken to be complete and orthonormal in the space and spin
variables of the scattering system. Continuing in a simlilar manner as
before we arrive at an expression for the cross section [see Equation

(111.11)]

1
<mgs |8 4140 41 (g &z. ) 'msoso>

ke -ipt
Q) = m———
C(p’w\) eﬂNkiﬁ f dte E?! m I%Sopmso’so
50

[
(x) qnsslaz+b£(3- Y g) |msoso> nzs Py <o

where |mss> represents the product of neut;on spin function and the set
of system spin functions, denoted by s and mg respectively. Pmso’so
is the probability that the system and neutron have initial states mSo
and sy, and other quantities in the equation have meanings previously
assigned in Section TTT. Although it 1s possible to perform experiments
in which neutron and system initial spin states are prepared we will assume
that neither the neutron and system spin states can be specified nor can
the neutron final spin states be observed (system final states are never
observed). Under this condition the cross sectlion, as written sbove, con-
tain a sum over all spin states.

If we again separate the cross section into two parts £=4' and

£#£', then the spin-dependent factors in the direct scattering and

* It is to be noted that the geparation of spin dependence from coordinate
dependence 1s not always allowed. It 1s known that for some polyatomic
gases and llquides spin can be coupled to internal degrees of freedom of
the molecule. However such g separation is rigorous for most crystals
including the monatomic case.
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interference scattering are

% (apos LI (VIIT.b)
msosOPmso:so <msoso| 3410y > ) Imsosd> ’ VIII.
~and
mSESOPmsO,sO msoso,(azv+bzv§° g{gu)(a[:-blgﬁo -§;2) lmsos°> , (VIII.5)

where J, =8 +§J. As the present representation does not diagonalize
J2 the indiceted matrix elements are not easily obtained. However, it
is possible to construct by an appropriate linear combination of the

2

lmss> states a representation in which J2, s€, and J,, the component

of J along the =2z axis, are dilagonalized. We shall label these states

as ljm> such that

32| gm> = 3(3+1) | dm>

I, | dm> = m|jm> ; -J<m< . (VIII.6)

In this representation, (4) becomes (temporarily suppressing subsecript £ in
the spins) 5
J(g+1)-I(I+1) - 3/k
 Bgufasros &
Jm 2

(VITII.7)

2

where the magnitude of & 2 is I(I+l), and ij- i1s the probability that
initially the scattering‘system and neutron have total spin J and z-
component m. The two values which j can assume are j =1 + 1/2 since
the magnitude of the neutron spin is 1/2. The total number of spin states
for the entire system is 2j+1 = 2(2I+1), or (2I+l) nuclear orientations

each of which corresponds to two neutron orientations. Thus, for (7) we
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have
I+§/2 m_ ' 1)2 I-%/E m ( I+l)2
agrth, =) + ; apthy) ———

I+l 2 I 2
a +
21+1 4+ 2141 4-

where
_ I
az+—az+b25
and
- I+l
a, =a, - b =

are the new scattering lengths corresponding respectively to the cases in
which neutron spin is parallel and antiparallel to nuclear spin. Consider
next the sum (5) which can be written as

agpg +tapby L Pmg 180 <ms050|§'§~£lmsoso>

mSOSO :

+ 8 ,b g mszso -Pm,so,$° «<msoso[§' §J' |msoso>

o)

+ b by ZS P,y »80 qnsosolfi,'&z')(i'éz)|msoso> . (VIII.8)
msO o]

Fortunately the last three terms all vanish because they are of the form
L Py <] § >

which corresponds to the average of a vector in a system in which the vectors
are randomly oriented. Then (8) becomes simply 848515 OF in terms of the

new scattering lengths,

T+l I, I+l I
ay + a a +
2141 A+ arg et B T, m

agt) . (VIII.9)

azazx = (
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Using the above results we can proceed to carry out the summation

over {f. For the direct scattering term £=4', we have

N

I,+1 I
T =L af ) -1 a§> + <l _ a2},
N et R -3 S N 2I+1 21+1

and for the interference term, f#4', using (9),

1y (x,1-x 2 17+ (xg1~xg)
A ag8p1€ Z (*z' “E) = <‘I+l a, + —I—— a_> Z'e LA ’
20" 2I+1 2T+1 = 4p

where 1sotopic average < > has its usual meaning. After a slight re-
arrangement the scattering lengths appearing in the incoherent and coherent

, +
cross sections are respectively (see VI.20)

2 I+l 2 I I+1 I >
= e - et [ I e,
a1 = {1 o7 * org a%> St o+ tam e )
and
2
ag =<2l a, +-1_a> . (VIII.10)
2T+1 2T+1

In the monoisotopic case we obtain

2 I(r+1)
= L (a, - &
aI (21+l)2 ( + _) )
and
ag = (-—I—+—l- a+ + I a_)2 .
2I+1 2I+1

+ A simple example of spin-dependent scattering i1s the case of scattering
by hydrogen. For neutron-proton scattering the ratio of spin-dependent
factors for interference versus direct scattering is given by
a.g(a.2 + a%)'l = .025 so the interference effects are quite negligible.
Conventionally this ratio is often regarded as that of coherent scatter=-
ing length squared to incoherent scattering length squared, and in this
sense scattering by hydrogen 1s essentially all incoherent. We note
that this terminology 1s somewhat different from that used in this writ-
ing. Similar remarks also apply to the case of vanadium.
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The above results indicate that incoherent scattering can arise
from the existence of either isotopic mixture or nuclear spin. Moreover,
from the definition of a, and a_ the coherent factor (10) can be
written as <a>2. Thus it is seen that the spin-dependent part of the in-
teraction potential leads to incoherent scattering whereas coherent scatter-

ing depends only upon the spin-independent part of the potential.




APPENDIX A

1
To prove that Di;a' 1s Hermitian observe that

ss' ss! -emik-xyp

Dmn'=%Dan@ ’
WA

gg' ¥ 5 ss' 2mik-xy

D&Qﬂ' = < D? € s
where
-1/2
ss' s s ss'
DMl - (MM ) Uml

is real. Since

ss'! ss' s's
Uppronr = Ygenror = Yoo ¢

then by writing £" = 4-4' and noting that x, = fla; we have

pee' ¥ -2mik X s's
Doyt = 2 Dz"a 1of = Dyarg

This proves the Hermiticity of the dynamical matrix. Now it remains to

*
prove Equation (VI.1h), eija = efkja . Take complex conjugate of (VI.12)

to obtain

5T ss' s'* 2 s¥
groy koo S-kjor w-kje-kja -

Comparing this equation with (VI.12) we obtain (VI.1lk) provided, of course,

Sy = Py - h (a.1)

W
To show this, consider the secular equation for the solution of wij in
w

(vi.12)

ss'

ko' wkjaoa‘ass'l = 0.
A W

|D
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Again by complex conjugation

ss' 2

ID_yoqr = % sP0n Oss: |
T w

It is clear that (A-1) follows.

=0,




APPENDIX B
In order to prove the -operator identity

1
oA B o ATBt 7[A,B] , (B-1)

where A and B commute with the commutator [A,B], consider the differ-

ential equation
¥ - (a+B)Y
m J

where operators A, B are independent of «. The solution of this equa-
tion is

a(A+B)
e

¥ o= Vg s (B-2)

where Wb is the value of ¥ at a = 0. Next consider the transformation

\V=eaB°:

which leads to the differential equation for ¢,

30
X

A'D (B-3)

where
A = e-aBAeaB = A + a[A,B] ,

since [A,[A,B]] = [B,[A,B]] = O. The explicit dependence on @ enables
us to write the solution

Q?
QA + 5—[A,B]
o = 0 ’

or

e Fine
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Comparison with (B-2) and setting o =1 yield

A 3(4,B]
e

A+B B
e e e

Interchanging A with B gives the identity (B-1).
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